Ambiguity Shifts and the 2007-2008 Financial Crisis*

Nina Boyarchenko

February 10, 2011

Abstract

I analyze the effects of model misspecification on default swap spreads and equity prices
for firms that are informationally opaque to the investors. The agents in the economy are
misspecification-averse and thus assign higher probabilities to lower utility states. This leads
to higher CDS rates, lower equity prices and lower expected times to default. Estimating the
model using data on financial institutions, I find that the sudden increase in credit spreads
in the summer of 2007 can be partially explained by agents’ mistrust of the signals observed
in the market. The bailout of Bear Stearns in March 2008 and the liquidation of Lehman
Brothers in September 2008 further exacerbated the agents’ doubts about signal quality and
introduced mistrust about the agents’ pricing models, accounting for the further increases
in credit spreads after these events.
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1 Introduction

When making consumption decisions, an investor faces uncertainty about both the relevant
underlying state and the data-generating process governing the evolution of the state. While
uncertainty about the state is risk that the investor understands and can model, uncertainty
about the data-generating process represents agents’ pessimism about their ability to identify
the correct model. This paper argues that prices of credit securities are sensitive to the investors’
preferences toward model uncertainty and that the implied time-variation in the level of model
uncertainty is a source of variation in credit spreads that explains the asymmetric response of
credit spreads to upturns and downturns in the economy.

I analyze the effects of model misspecification on default swap spreads in secondary markets
for the corporate debt of firms that are not perfectly transparent to the investors. The agents
in the economy are misspecification-averse and thus mistrust the statistical model of the funda-
mental value of assets of firms and of the firms’ observed earnings process. This mistrust reflects
the fact that, when it is difficult for investors to observe firms’ assets directly, they are forced to
rely on imprecise accounting information. In this situation, investors must draw inference from
accounting data and other publicly available information. Investors realize that, although they
may be able to pick a model of the fundamental asset value and the accounting signals to best
fit the historical data, this may not be the true data-generating model. Under the assumption
that investors are misspecification-averse, I derive the asset prices in the economy, explicitly
accounting for the implications of imperfect information and model misspecification.

I show several significant implications of model misspecification for the level and variation in
the term structure of secondary market default swap spreads. Compared to a model with perfect
information, model uncertainty increases the level of the yield curve and the default-swap spread
curve. Intuitively, in the presence of model misspecification, investors must be compensated for
the risk associated with choosing the “wrong” model to describe the evolution of the underlying
state. Notice that, as shown in Duffie and Lando [2001], introducing imperfect information to
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credit spreads at short maturities.

Next, I show that model uncertainty exacerbates the imperfect information problem faced
by the representative investors in the secondary asset markets. In filtering information about
the underlying state from the imperfect signals, agents must take into account uncertainty
about both the model governing the evolution of the underlying state and the signals about the
underlying state. The misspecification-averse agent assigns higher probabilities to lower utility
states. Further, how much these probabilities are higher than under the reference model depends
on the current conditional probability vector under the reference model.

Model misspecification also impacts the joint probability distribution of the next period’s
signals and states. In particular, while in states of the economy when no firm defaults, the
misspecification averse agent perceives the probability of transitioning to a default state to be
higher than under the reference model. Thus, the expected time to default of each firm decreases,
increasing default-swap spreads. Further, the misspecification averse agent also perceives the
transition probability matrix associated with the underlying state to be time varying. The time-
variation in the transition probability matrix induces additional time-variation in the expected
time to default of each firm and, thus, in default swap spreads.

In this paper, I argue that the increases in CDS spreads observed during the 2007-2008
crisis were due to increases in investors’ doubts about the validity of their pricing models and
the quality of the signals available to market participants. On August 9, 2007, France’s largest
bank BNP Paribas announced that it was having difficulties because two of its off-balance-sheet
funds had loaded up on securities based on American subprime mortgages. But Paribas was
not alone in its troubles: a month before, the German bank IKB announced similar difficulties,
and the Paribas announcement was followed the next day by Northern Rock’s revelation that it
had only had enough reserve cash to last until the end of the month. These and other similar
announcements lead to a freeze of the credit markets as banks lost faith in each other’s balance
sheets. The situation was particularly surprising considering the market conditions shortly before
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credit spreads were at historical lows. Even as late as May 2007, it would have been hard to
predict the magnitude of the response that the losses on subprime mortgages had generated.
Compared to the total value of financial instruments traded worldwide, the subprime losses were
relatively small: even the worst-case estimates put them at around USD 250 billion. ! Further,
for investors familiar with the instruments, the losses were not unexpected. By definition, the
subprime mortgages were part of the riskiest segment of the mortgage market, so it was hardly
surprising some borrowers would default on the loans. Yet, despite their predictability, the
defaults had precipitated the current liquidity crisis that spread between the credit markets.

Using observations of the CDS spreads on financial institutions, I estimate the degree of
misspecification aversion of the investors in the secondary debt markets. To evaluate the changes
in investors’ aversion to misspecification during the crisis, I estimate the misspecification aversion
coeflicient using three sub-periods— before the start of the crisis in July 2007, from the start of
the crisis to the bailout of Bear Stearns in March 2008, and from the bailout of Bear Stearns to
the liquidation of Lehman Brothers in September 2008 — and find that the three estimates are
not statistically significantly different, implying that investors’ misspecification preferences did
not change during the crisis. In terms of the model, this implies that the observed changes in
credit spreads during the financial crisis were due not to changing misspecification attitudes on
the part of the investors but rather due to an increase in the amount of misspecification in the
economy.

Since the investors’ aversion to misspecification did not change significantly during the crisis,
I use the pre-crisis estimate of the misspecification aversion coefficient to compute the model-
implied time series of CDS spreads, equity prices and the quantity of misspecification. Measuring
the amount of misspecification using the expected log likelihood ratio (or relative entropy)
between the reference and the worst-case models, I find that the amount of misspecification did
in fact increase during the financial crisis. Further, the way that total entropy is decomposed
into the contribution from misspecification of the distribution of the future signals and state

and the contribution from misspecification of the conditional distribution over the current state
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changed during the crisis. More specifically, the initial BNP Paribas announcement in August
2007 lead to an increase in the relative entropy due to current period conditional probability
misspecification. Intuitively, the BNP Paribas announcement and the subsequent Northern
Rock revelations lead to an increase in ambiguity about the quality of the signals available to
market participants. The bailout of Bear Stearns and the bailout of Lehman Brothers, on the
other hand, lead to an increase in both components of entropy. That is, the effective default
of these two institutions increased not only investors’ doubts about the quality of the surviving
financial institutions (increasing entropy due to misspecification of distribution of future signals
and states), but also investors’ doubts about the quality of the signals in the market. Entropy
stabilizes toward the end of the crisis but at a higher level than before the start of the crisis.

To evaluate the quality of the fit of the model, I compare the model-implied CDS spreads
and equity prices to the corresponding quantities observed in the data. The model-implied
CDS spreads match both the levels and the changes in CDS spreads observed during the crisis,
although the performance of the model deteriorates after the liquidation of Lehman Brothers.
Further, although the model does not match the overall levels of equity prices and, in fact, is
not geared to do so, it does match the changes in equity prices observed during the crisis.

The rest of the paper is organized as follows. I review the related literature in Section 2. 1
describe the model considered in the paper in Section 3. The results of the estimation of the
model are presented in Section 4. Section 5 concludes. Technical details are relegated to the

appendix.

2 Literature Review

A rapidly growing literature studies the behavior of asset prices in the presence of ambiguity
in dynamic economies. A substantial part of this literature considers investor ambiguity about
the data-generating model. Anderson et al. [2003] derive the pricing semigroups associated
with robust perturbations of the true state probability law. Trojani and Vanini [2002] use their

framework to address the equity premium and the interest rate puzzles, while Leippold et al.



[2008] consider also the excess volatility puzzle. Gagliardini et al. [2009] study the term structure
implications of adding ambiguity to a production economy. This setting has also been used to
study the portfolio behavior of ambiguity-averse investors and the implications for the options
markets (see e.g. Trojani and Vanini [2004] and Liu et al. [2005]).

The second strand in the literature, however, assumes that, although the agents in the
economy know the “true” data-generating model, they face uncertainty about the quality of the
observed signal about an unobservable underlying. Chen and Epstein [2002] study the equity
premium and the interest rate puzzles in this set-up, and Epstein and Schneider [2008] consider
the implications for the excess volatility puzzle. The portfolio allocation implications of this
setting have also been studied extensively in e.g. Uppal and Wang [2003] and Epstein and Miao
[2003].

However, none of these papers study the relationship between ambiguity aversion and the
term structure of credit spreads. Following Hansen and Sargent [2005], Hansen and Sargent
[2007], T introduce model misspecification by considering martingale distortions to the reference
model probability law. As Hansen and Sargent [2007] show, the martingale distortion can be
factored into distortions of the conditional distribution of the underlying state (signal qulaity)
and the evolution law of the hidden state (asset value dynamics). I assume that the representative
investor in the secondary debt market has max-min preferences over consumption paths under
possible models.

This paper is also related to the literature on preference-based explanations for credit spreads.
Chen [2010] studies two puzzles about corporate debt: the credit spread puzzle — why yield
spreads between corporate bonds and treasuries are high and volatile — and the under-leverage
puzzle — why firms use debt conservatively despite seemingly large tax benefits and low costs
of financial distress. The paper argues that both of these puzzles can be explained by two
observations: defaults are more highly concentrated during bad times, when marginal utility
is high, and the losses associated with default are higher during such times. Thus, investors

demand high risk premia for holding defaultable claims, including corporate bonds and levered



firms.

Using similar intuition, Chen et al. [2009] argue that the credit spread puzzle can be explained
by the covariation between default rates and market Sharpe ratios. That is, investors must be
compensated more for holding credit risk securities because default rates (and, hence, expected
losses from default) increase at the same time as market returns are more uncertain. More
specifically, the authors investigate the credit spread implications of the Campbell and Cochrane
[1999] pricing kernel calibrated to equity returns and aggregate consumption data. Identifying
the historical surplus—consumption ratio from aggregate consumption data, the paper finds that

the implied level and time-variation of spreads match historical levels well.

3 Model

In this section, I present the economy considered in this paper. I begin by describing the reference
model used for pricing credit securities and then proceed to the misspecification problem faced

by the representative agent in the economy.

3.1 Reference model

As the reference model, I consider a modified version of the Black and Cox [1976] economy.
Consider a (sector of the) economy consisting of I firms, indexed by i = 1,...,I and denote by
A = et the fundamental value of the assets of firm 4 at date ¢t = 1,2, .... To fix ideas, assume
that there are n, = 12 data periods in a year, so that each period corresponds to a month. I

assume that the log-asset value of each firm can be decomposed into the sum of two components:

(3.1) ait = Zit + PiZets

where z; is an idiosyncratic shock to the asset value of firm ¢, z. is an aggregate shock to
the asset values of all the firms in the sector and p; is the loading of firm ¢ on the aggregate

component. Denote by z; = [z14,. .., 211, zct]/ the vector of the components of asset values at



date t. 1 assume that the vector z; evolves according to an N-state Markov chain, with possible

values £1,...,&y and the transition probability matrix A defined as:

(3.2) {Abj = Ak =Pz = &l 2t = &) -

There are two types of agents in the economy: managers and investors. All the day-to-day
operations of the firm are delegated to the respective manager. I assume that there are no agency
problems between a firm’s managers and the equity holders of the firm, so that the managers act
in the best interest of the equity holders. Further, similarly to Duffie and Lando [2001], I assume
that the managers are better informed about the firm they manage than the participants in the
public markets and, in particular, that the managers of the firm observe perfectly the evolution
of the fundamental value of the firm’s assets. To prevent information spill-over, I assume that
managers are precluded from trading in the public assets markets.

In this paper, I abstract from modeling the operational decisions of the firm managers and, in
particular, from modeling the optimal capital structure, dividend payment and default decisions
faced by the managers. As in Leland [1994] and Duffie and Lando [2001], I assume that each
firm ¢ issues perpetual debt with face value D;. This debt is serviced by a constant coupon rate
C;. While firm i is in operation, it generates a constant fraction J; of assets as cash-flows which
accrue, minus the coupon payments, as equity in the firm.

The managers decide on behalf of the equity holders when to default. As in Black and Cox
[1976], I abstract from modeling the liquidation decision faced by the managers and assume
instead that a firm defaults automatically whenever the fundamental value of the firm’s assets
reaches the lowest possible value implied by the Markov chain {zt}:r: 7. In particular, denote by
&ji the ith element of the asset values vector in state J, &. Let i* = argminj—1 . n&ji + pi&je
be the state index at which firm ¢ achieves its lowest possible value and by ap, = ;= the
corresponding state. Then the (stochastic) default date 7; of firm ¢ is the first hitting time of
the state ap,: 7, = inf{t: 2 =ap,}. In economic terms, the exogenous default rule can be

interpreted as a debt covenant. The firm is liquidated at the present value of the discontinued



cash flows, with the proceeds distributed among the firm’s primary debt holders and the equity
holders receiving 0. For simplicity, I assume that each firm has a single default state and that
firms do not default simultaneously. Notice that, since managers observe perfectly the asset
value evolution of the firm under their management, there is no uncertainty about the firm
being liquidated upon hitting its default boundary. Finally, denote by ap = Ule ap, the union
of the default states of all the firms and by a$% its complement, which is the set of states where
none of the firms default.

Consider now the participants in the public markets. Similarly to Duffie and Lando [2001],
I assume that the representative investor does not observe the true evolution of asset values
in the sector and receives instead imperfect, unbiased signals about the fundamental value of
the assets of each firm, A; = e¥*, and the aggregate component of asset values in the sector,
flct = e¥t. More specifically, assume that y;; = as + uir and Yo = 2ot + uee where the signal
errors uy = [Uig, ..., Ust, uct]/ are serially uncorrelated and normally distributed, independent of
the true realization of z;: u; ~ N (@, %,). Here, 7 is the mean signal error and ;! the signal
quality. At each date t, the representative agent also observe whether any of the default states

have been reached and any of the firms have been liquidated. Thus, the information set of the

representative agent at date t is:
G za{ys, 1ot 8= 1,...,t},

where y; = [y1t, ..., Y11, yct]/ is the full signal vector at date t.
Denote by p;; the probability, conditional on the date ¢ information set of the representative

investors, of the vector z being in state j at date ¢:

pit = P(z = §j|gt)-

For mathematical reasons, it is easier to formulate the updating rule in terms of unnormalized



probabilities 7, which are related to the proper probabilities by:

7Tjt

—_— j=1,...,N.
N ) ] ) )
> =1 Tt

Pt =

Let mjo = P(z1 = &;) be the prior probability. Then the following result holds.

Lemma 3.1. (Wonham Filter)
Assume that the transition probability matriz, A, and the prior distribution mjy are known.

Then the date 1 update to the unnormalized probability vector is given by:

(33) Tj1 = 1§j¢a37rj0f(yl - 5])7 j = 17 . ')N7

where f(-) is the density function of the observation errors, u. For t > 1, the “predict” step of

the update to the unnormalized probability vector is given by:
(34) ﬁ't+1 = diag(f(yHl))A'fr’t,

where £(y) = [fly —&),..., fly —&n)] and diag(-) creates a diagonal matriz from the vector
. Then, conditional on no firm defaulting in period t + 1, the updated unnormalized probability
vector is given by:

Tt+1 = diag(Lag, )Te+1,

/
where 14¢, = lecas, - - s Leyeas

Proof. See e.g. Frey and Schmidt [2009]. O

Finally, consider the utility of the representative agent. I assume the representative agent is
risk-neutral and, thus, holds all the claims to the firm’s asset value. Thus, the date t expected
present value of the utility of the representative agent is given by:

gt] ’

(3.5) J,=E

+o0 I
DB GiAiy
s=0 i=1
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where 3 is the subjective discount factor. For the discussion below, it is useful to represent the

gt] )

where J7 is the value function of the representative agent in case firm ¢ defaults.

expected present value of utility in recursive form:

1 1
(36) Jt =E Z (ZAn + /Blzt+1€a‘;‘3 Jt+1 + 5 Z 1Zt+1:aBi Jm
i=1 =1

3.2 Asset prices

In this paper, I consider three types of claims to the assets of the firm: a claim to the firm’s
equity, a zero-coupon, risky bond and a credit default swap (CDS) written on the bond. Recall
that equity in firm ¢ accrues as a constant fraction d; of the fundamental asset value and that
the equity holders receive 0 in case of the firm being liquidated. Thus, the date ¢ price of a claim
to equity of firm 4, Vi, is given by:

G

)

Vie =E Z B%(6: Aitys — Ci)
s=0

where 7; is the (stochastic) default date of the firm i. Notice that the equity price satisfies the

Euler equation:

(3.7) Vie = E[0;Ait — Ci 4+ By, 5141 Vies1] Gel -

Consider now the default-swaps written on the primary debt of firm ¢. With a given maturity
T, a default-swap is an exchange of an annuity stream at a constant coupon rate until maturity
or default, whichever is first, in return for a payment of X at default, if default is before T', where
X is the difference between the face value and the recovery value on the stipulated underlying
bond. A default swap can thus be thought of as a default insurance contract for bond holders
that expires at a given date T', and makes up the difference between face and recovery values in

the event of default.
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I assume, as typical in practice, that the default-swap annuity payments are made semian-
nually, and that the default swaps maturity date 1" is a coupon date. As in Duffie and Lando
[2001], I take the underlying bond for the default swap on firm i to be the consol bond issued
by firm i. Recall that, in case of default, the debt holders receive the present value of the dis-
continued cash flows. Thus, the payment X; per unit of primary debt if firm ¢ defaults before
the swap maturity date 7" is given by:

§i(I — BA);tes

ri=1- (1-8)D;

The at-market default-swap spread is the annualized coupon rate ¢;(¢,T") that makes the default
swap sell at date ¢t for a market value of 0. Thus, with T" =t 4+ 6n for a given positive integer

n,2 the CDS spread is given by:

OXE [F7 o1 Gi]
Y a1 BOE [1r>016s G

(3.8) (t,T) =

Default-swap spreads are a standard for price quotation and credit information in bond markets.
In this setting, they have the additional virtue of providing implicitly the term structure of credit
spreads for par floating-rate bonds of the same credit quality as the underlying consol bond, in
terms of default time and recovery at default. Denote by B;(t,T") the date t price of a zero-

coupon bond with maturity date 7" on the debt of firm i. The implicit discount curve is then

given by:
B;(t,t+6) = I
1 \by o 1+Cz(t>t+6)
1 — altttbs) s~s—1 p oy 4 4 6
Bi (t,t+6s) = 7 2= Bil 7)

1+¢(t,t+6s)/2

2Recall that there are 12 data periods in a year
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3.3 Model misspecification

This paper studies asset prices in a setting where the representative agent makes decision rules
robust to possible misspecifications of asset value and accounting signals models. In reality, the
correct specification assumption of the reference model is overly restrictive. It implies that, even
though the participants in the public markets only observe imperfect signals about the evolution
of the fundamental asset value, they can still correctly identify the parametric model that governs
the relevant dynamics. More realistically, I assume that the representative investor in the firm
fears misspecification of the probability law generated by the model above and believes instead
that the signals are related to the true asset value realizations by a family of likelihoods.

As in Hansen and Sargent [1995], Hansen et al. [1999], Tallarini Jr. [2000] and Anderson et al.
[2003], T model preferences of the representative agent in the presence of model misspecification

using the recursion:

(3.9) Jy = —0logE [exp [_U(Zt) + 79315 BJi+1) ] ’ g}

where:

Ri(BJ) = —0logE [exp < P H_l) ‘ ft} .

The risk-sensitive recursion (3.9) replaces the standard utility recursion (3.6), incorporating
the representative agent’s misspecification doubts in two steps.® First, the tilted continuation
function R; makes an additional risk adjustment to the continuation value function of the
representative agent, accounting for misspecification fears about the fundamental asset value

evolution dynamics. Second, the tilted expectations over the current period utility adjusts

3Notice that the recursion (3.9) can be rewritten as:

U J;
J, = —flogE [exp {,M} ‘ g}
The recursion (3.9) allows for easier interpretation of the corresponding worst-case likelihood. Further, the more
general form (3.9) allows, for the representative agent to have different attitudes toward misspecification of future
signals and state and misspecification of the conditional distribution over the current state. For more details on
this formulation, see Hansen and Sargent [2007].
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for misspecification fears about the filtered probability distribution over the current state. As
emphasized by Hansen and Sargent [1995], the log-exp specification of the recursion links risk-
sensitive control theory and a more general recursive utility specification of Epstein and Zin
[1989]. The degree of the representative agent’s aversion to misspecification is quantified by
6=1. When =1 = 0, the risk-sensitive recursion (3.9) reverts to the usual utility recursion under
Von Neumann-Morgenstern form of state additivity. For values of ! greater than zero, the
recursion (3.9) implies an increased aversion to risk vis a vis the Von Neumann-Morgenstern
specification. Maenhout [2004] links the degree of misspecification to the value function itself, so
that the agent becomes more misspecification-averse as the present value of her utility increases.

To understand better the recursion (3.9), consider the following static optimization problem:

.1 i E OE [m1 .
(3.10) mzo?lﬁvln]:l [mV] + 0E [mlog m]

The random variable m is the likelihood ratio between the reference model and an alternative
model. m implies a distorted expectation operator: E[V] = E[mV]. The optimization prob-
lem (3.10) then minimizes the expected value of the payoff V' under alternative models but is
penalized in utility terms for deviations from the reference model (parametrized by m = 1).
The term E[mlogm| measures the discrepancy in relative entropy terms between the reference
model and an alternative model. As noted in ?, the relative entropy E [mlogm] is the expected
log-likelihood between the reference and the misspecified models. Thus, the parameter # can
be interpreted as a penalization parameter for large deviations away from the reference model.
The problem (3.10) can thus be interpreted as a robust way of alternating probability measures.

The minimizing choice of m, the so-called worst-case model, is given by:

14



and the outcome of the minimization problem by:

e

Thus, in choosing between alternative models, the representative agent tilts the probability
toward bad (in terms of payoffs) states.
Turn now back to the recursion (3.9). Hansen and Sargent [2007] show that, corresponding

to the tilted continuation function R; is the worst-case likelihood ratio:

exp <*LJ5+1 )

(3.11) Gt(ze41, Yea1) = = [ p( BJt+1>‘]_—t} .
exp (—=5

¢¢ captures the difference between the evolution of future signals and states under the misspec-
ified model and under the reference model. In particular, ¢; is the date ¢ probability distortion
to the joint distribution of next period’s signals and state. Relative to the reference model dis-
tribution, ¢ tilts the joint distribution toward lower continuation value states, decreasing the
expected future value of the continuation utility. Similarly, corresponding to the recursion (3.9),

is the worst-case likelihood ratio:

exp

E [exp (_U(ZHRet(BJtH)) ‘ gt}

(_ U(2)+R0t(5Jt+1))

(3.12) Pi(z) =

between the conditional distribution over the state at date ¢t under the misspecfied and reference
models. v tilts the conditional distribution toward lower utility states, decreasing the expected
value of utility at the current date.

An alternative interpretation of the recursion (3.9) is in terms of the smooth robustness
preferences of Klibanoff et al. [2005] and Klibanoff et al. [2009] and recursive preferences of
Epstein and Zin [1989]. In the smooth ambiguity preference setting, the representative agent does
not choose the “worst-case model” and instead assigns a preference ordering to the alternative

models. In particular, let u be the agent’s utility over realizations of consumption, p index
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different models, f the agent’s utility function over different models and 7 the belief vector
over the different models. Then, an agent with the smooth robustness preferences evaluates

consumption according to:

F7 (Br [f (Eful @) -

Compare this to the recursion (3.9). Notice first that the tilted continuation utility, R(Ji+1),
corresponds to the continuation utility for an agent with Epstein and Zin [1989] preferences, so
corresponding to the inner expectation conditional on a “model” in smooth utility preferences,
the worst-case utility model evaluates future consumption using Epstein and Zin [1989] pref-
erences conditional on the current state. The recursion (3.9) then uses an exponential utility
function to rank continuation values and current period utilities for different realizations of the
state.

To quantify the amount of distortion in the economy, Hansen and Sargent [2007] introduce
measures of the conditional relative entropy between the reference and the distorted models.
In particular, under the full information setting, the conditional relative entropy between the

reference and the worst case model of the future state and signals evolution is defined as:

N
et (Br41,€5) = Z/T(fkayt+1’§j)¢(§k7yt+1)log O (k> Ye+1)dyi+1
k=1

and the conditional relative entropy between the reference and the worst case model of the

current state by:

N
et () = pjtilogp.

j=1
The total conditional relative entropy between the reference model and the worst case model at

date t is then given by:

(3.13) e = (W) + B [ (Prr1,20)| Gi] = € (1) + & (Pr11)-
In general, the recursion (3.9) does not have a closed-form solution. Instead, I look for a
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first order approximation to the representative agent’s value function around the point =1 = 0,
which corresponds to the solution under the reference model. Notice that the approximation
I construct here is different in its nature from the small noise approximations constructed in
Campi and James [1996] and Anderson et al. [2010] as, instead of approximating the reference
model value function around the deterministic steady state, I approximate around the value

function corresponding to the zero signal precision case.* The following result holds:
Lemma 3.2. The first order approzimation to the value function around the point =1 = 0 is
given by:

(3.14) J(m:071) = Jo(m) + 607" Ji(m) + 02071,

where Jo(m) is the reference model value function and Jy(w) is the first order derivative of
the value function around 61 = 0. In the non-default states of the economy, the first order
approximation to Jy and Ji in terms of log-deviations, 7, from the stationary distribution T of

the underlying Markov chain are given, respectively, by:

(3.15) Jo(m) ~ o0 + o1 diag(T) T

(3.16) Ji(m) = o+ diag(T)T,

where the coefficients yoo, o1, Y10 and 11 solve the system (C.2)-(C.6). The first order approx-
imation to the implied distortion to the conditional joint distribution of next period’s signals and

state is then given by:

(3.17) o5y e =¢&) =1+ 61 ((,00]' + cp;’jdmg(ﬁ)fr + cp;’j log f(y*)) ,

where the constant coefficients po, pr and p, satisfy (C.8)-(C.10), and the first order approxi-

4When the signal precision approaches 0, the agent is does not update the conditional probability distribution
and, hence, the stationary distribution can be used as the prior distribution.
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mation to the implied distortion to the conditional distribution of the current state by:

(3.18) Uie(&5) = 1+ 07" [Coj + 1 diag(7)7]

where the coefficients (o and ¢y satisfy (C.11)-(C.12).

Proof. See Appendix C.1. O

Notice that Jy is the value function of the representative agent under the reference model.
The vector ~p1 captures the first-order dependence of the reference model value function on the
conditional distribution of the hidden state. From (C.3) we can see that the right hand side of
the equation determining 701 ; is positive when the agent’s utility in state j is higher than the
stationary probability distribution weighted average of utility in different states. Thus, o1, ; is
positive for states that have higher utility and negative for lower utility states. Intuitively, the
expected present value of the representative agent’s utility should be higher when the probability
of the economy being in a good state is higher and lower when the probability of being in a
bad state is higher. The value function derivative J; captures the first order depedence of the
value function of the representative agent on the degree of her risk sensitivity. The fact that
J1 is time-varying implies that the agent’s perceived risk attitudes change depending on the
conditional distribution of the hidden state, with the vector ~1; describing the loadings on the
individual components of the probability vector.

Consider now the implied distorted transition probablity matrix. Using (3.17), we have:

S\jk = P(2t+1=§k|2t=§j)

(3.19) ~ Ak (14071 (oj + @ jdiag(T)7 + ¢, ;AL)] -

Notice that this implies that, unlike the reference model, the transition probability matrix under
the misspecified model is time-dependent. This effect introduces additional time variation into
asset prices above that implied by the time evolution of fundamental asset values under the

reference model.
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3.3.1 Numerical example

To illustrate the impact of model misspecification on the representative investor’s value function,
I consider an example of a duopoly, where the (log) fundamental asset value evolves according to
a five state Markov chain. In particular, assume that the two firms are symmetric in the coupon
payment on their debt, C}, the face value of their debt, D;, the value of assets at default, ap,,
cash-flows as a fraction of assets, J;, and the loadings on the aggregate component, p;. I assume
that the face value of the coupon bond is D; = 300, serviced with the coupon rate C; = 6.
Each firm generates a fraction §; = 5% of assets as cash flows and loading p; = 1 of the log
fundamental asset value on the aggregate asset value. At default, the value of assets of firm ¢ is

ap, = C;/6; = 120. The matrix £ of possible values for the Markov state, z, is given by:

Firm 1 (2;) Firm 2 (22) Common (z.)

State 1 | log(20/8)  log(2C/8)  log(2C/5
State 2 | log(C/6)  log(2C/8)  log(2C/5)
State 3| log(C/6)  log(C/6) log(C'/6)
State 4 0 log(C/5) log(C/5)

State 5 | log(C/¢) 0 log(C/90)

Recall that the log fundamental asset value of firm ¢ is given by a;s = 2+ p;2ct. Notice that state
&4 is the default state of firm 1 and the state &5 is the default state of firm 2. The transition
probability matrix, A, is chosen to have an equal probability of either staying in the same
non-default state or transitioning to another non-default state and a much lower probability of

transitioning to a default state:

[ 0.3125 0.3125 0.3125 0.0312 0.0312 ]
0.3125 0.3125 0.3125 0.0312 0.0312

A= 0.3125 0.3125 0.3125 0.0312 0.0312

0.0435 0.0435 0.0435 0.4348 0.4348

| 0.0435 0.0435 0.0435 0.4348 0.4348 |
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In Fig. 1 and Fig. 2, I plot the differences between the distorted transition probability matrix
and the reference model transition probability matrix as a function of different combinations
of the probabilities of state 1, pi, and of state 2, po, for =1 = 0.5 and §~! = 1, respectively.
Notice first that, as expected, under the misspecified model, the transition probabilities are
shifted toward transitioning to default states. Further, as §~! increases, so that the agent
becomes more misspecification-averse, this effect is larger. Next, notice that the effect is greater
when the agent is more uncertain about the current state. That is, the greatest distortion to the
transition probabilities occurs when (under the reference model) the agent has equal probabilities
of being in any one of the non-default state. Intuitively, as the uncertainty about the state of
the economy decreases under the reference model, the agent has relatively less misspecification
concerns. Consider now the distorted probabilities over the current state, plotted in Fig. 3.
Consistent with the intuition that the misspecification-averse agent tilts probabilities toward
lower-utility states, we see that the probability of being in state 3 increase as misspecification
aversion increases. Similarly to the case of transition probabilities, the impact of misspecification
aversion is highest when the agent is most uncertain about which non-default state the economy

is in.

3.4 Asset prices under the misspecified model

Since the representative agent evaluates expectations under the worst-case measure when making
consumption decisions, the Euler equation holds under the worst-case measure. Therefore, assets
can be priced using the Fuler equation under the worst-case measure. In particular, under the

misspecified model, the date ¢ price of a claim to the equity of firm ¢ satisfies:

(3.20) Vit = E[0;Ai — Ci + Blysi41Vies1| Gil -

As with the value function, consider a first order expansion of the equity price around the

reference model equity price. That is, I look for a first order approximation to the solution of
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the worst-case Euler equation (3.20) in the form:

(3.21) Vi(m;071) = Vig(me) + 0 Wir () + O2(6072).

The following result holds:

Lemma 3.3. The first order approximations in terms of log-deviations from the stationary
distribution to the value of equity of firm i under the reference model, Vi, and to the derivative

of the value equity of firm i, Vi1, are given, respectively, by:

(3.22) Vio(ms) = vipo + Vg1 diag(m)w + Oa(7)

(3.23) Vii(m) = vi10 + l/;lldiag(f)fr + O2(7),
where the coefficients v; 00, Vi 01, Vijo and v;11 solve the system of linear equations in Appendix

C.2.

Proof. See Appendix C.2. O

Consider now the CDS spreads under the misspecified model. Recall that the spread on a

default swap with maturity 7' =t 4 6n on the primary debt of firm ¢ is given by:

(3.24) et T) = =& [0 rer| ]

> he1 BEE[1r, 51465 Gi
The misspecification concerns of the representative agent influence the CDS calculations in two
ways. First, the conditional probability of the current state is distorted using 1 (§;), with the
lower utility states receiving a higher probability. Second, the transition probability matrix A
is replaced with the time-dependent distorted probability matrix A. Introduce the following

notation:

Y (m,t,T) = [ﬁ”_tlnd“’ Gl

E
U (m,t,T) = E[1,>7/G],
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so that:
2X;Y (m,t,T)
D ko1 BV (m,t,t +65s)

ci(t, T) =

By definition:
T—

Y(mt,T) = Zpﬁw (&) Z [1r—t4s| 2 = ]

Tl—t+S|Zt &)

T —t+s| Zt = g]])

(Tz—t+s|zt f])) .

= Zw fj

\II(Trat’T) = ijtd} g_]

N

= ijtw &)

s=1

/\/\ ||M
»
||
H H—

Let @ =P (21n = &, 2ttn-1 # &y -, 2041 # &l 20 = &) be the probability that t+n is the first

hitting time of state j conditional on being in state i at date ¢, so that P (7; =t +n|z = &)=
- N

qj;- Introduce also the matrix of the first hitting time probabilities: Q" = {(jg} ) and let
ij=

= diag(Q™). Then, from Seneta [1981], Q" is given recursively by:
Q" = AQR.

Notice that, since Ais time-dependent, the first hitting time distribution under the misspecified
model is also time-dependent.

Consider again the numerical example of Section 3.3.1. In Fig. 4, I plot the 5 year CDS rates
for different values of #~! when no defaults have occurred. There are two effects of increasing
misspecification aversion. First, as the agent becomes more misspecification averse, the CDS
spreads increase since, under the misspecified model, the agent perceived a greater probability of
transition to a default state. Second, notice that, for a given value of #~1, the CDS rate decreases
as the agent becomes more certain about the state. As the agent becomes more misspecification

averse, this effect increases. Intuitively, as the agent becomes more sure about the underlying
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state, she has less misspecification concerns about the conditional distribution of the current
state, reducing the impact of misspecification concerns.

In Fig. 5, I consider also the percentage increase in the 5 year CDS rate of one firm after the
other firm defaults. Since the more misspecification-averse representative agent places a higher
probability on the third state, the percentage increase in CDS rates is smaller for higher values
of #~1. That is, since the misspecification averse agent already has pessimistic views about the
future, observing the default of one firm does not decrease her expectation about the time to
default of the other firms as much as it does for the representative agent under the reference
model.

Consider now the contagion effect of the default of firm ¢ at date 7; on the expected time to

default of the surviving firms. I will use the following property of Markov chains:

Lemma 3.4. Let {Xt},5, be a Markov chain on the probability space (Q, F,P) with transition
matriz P and state space I. Define the hitting time of a subset A of I to be the random variable
T4+ Q — {0,1,2,...} such that T4(w) = inf {t > 0: X;(w) € A}. Denote by ka(i) the mean

time taken for (Xt)tzo to reach A after starting from state i:
ka(i) =E[7a| Xo =1].

Let @ denote the matriz obtained by deleting the rows and columns corresponding to the set A

from P. Then:
(3.25) ka()) =) (I-Q);

Proof. See e.g. Seneta [1981]. O

Similarly to Frey and Schmidt [2010], I define the contagion effect as the change in the expected

time to default of firm j at the default time 7; of firm ¢, which is given by:

(3.26) Fa, () = hag, (i = 1) = B [y, ‘ G| — B [ ks, ‘ Gria|.
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Notice that there are two opposing effects of observing one of the firms default. On the one
hand, it reveals to the representative agent the current state of the economy, thus reducing the
misspecification concerns faced by the agent. On the other hand, the conditional probability of
the other firms defaulting next period increases as the agent knows that the aggregate component
of the fundamental value is in its lowest state.

Consider once again the numerical example of Section 3.3.1. In Fig. 6, I plot the expected
time to default for different values of the misspecification parameter, #~1. Notice that, as !
increases, the expected time to default overall decreases. Intuitively, as the agent’s misspecifica-
tion aversion increases, the probability of transitioning to a default state increases, decreasing
the expected time to default. In Fig. 7, I plot the percentage change in expected time to default
after the other firm defaults. Since the more misspecification-averse representative agent places
a higher probability on the third state, the percentage decrease in expected time to default
decreases less for higher values of #~'. That is, since the misspecification averse agent already
has pessimistic views about the future, observing the default of one firm does not decrease her
expectation about the time to default of the other firms as much as it does for the representative

agent under the reference model.

4 The 2007—2008 Financial Crisis

In this section, I calibrate the model in Section 3 using data on financial institutions. Although
the returns on the equity of financial institutions accounts for a small portion of the overall level
of consumption in the economy, these institutions were at the forefront of the 2007 financial
crisis and, thus, to understand the asset price movements during the crisis, it is important to
understand the movements in the prices of claims on these institutions. I begin by estimating the
parameters of the reference model using the observations of book equity of financial institutions
as firm-specific signals and the Case-Schiller 10 Cities Housing (CS10) Index as the signal about
the common component of the asset values. 1 choose observations of the CS10 Index as the

aggregate signal to capture the exposure of the financial institutions to risks associated with the
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national housing market. Notice from Table 1 that the financial institutions considered have
higher correlations with the CS10 Index than with stock market indices, such as the S&P 500
index.

Next, I use historical observations of CDS spreads on financial institutions prior to the start
of the crisis to estimate a value for 6§ — the model misspecification preference parameter. Using
this estimate, I compute the implied relative entropy between the reference and the worst-case
models and decompose the entropy calculation into the contributions from misspecification of
the signal model and misspecification of the fundamental value of assets model for the whole
time series. Finally, I compare the model-implied CDS rates and equity prices to the observed

time series.

4.1 Estimating the reference model

To estimate the reference model, I use historical observations of the firm-specific signals and the
aggregate signal. Below, I provide the outline of the estimation procedure. The details of the
estimation are provided in Appendix A.

As observations of firm-specific signals, I use balance sheet data from COMPUSTAT. In
particular, I use observations of book equity as the accounting signals. As observations of the
aggregate signals, I take the time series of the Case-Schiller 10 Cities index. Notice that, while
balance sheet data are observed at a quarterly frequency only, observations of the CS10 Index are
available at a monthly frequency. The procedure described in Appendix A accounts explicitly
for this dual frequency of observations. Notice that, to estimate the reference model, I only use
observations up to Q2 2007 to avoid introducing measurement error by including observations
of the accounting signal which reflect mark-downs taken since the start of the crisis, as well
as the increased ambiguity discount in credit derivatives held on the balance sheets of these
institutions.

Recall that the reference model is described by the parameters:

o A, {¢ };V: | transition probability matrix and states of the fundamental asset values
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{pi}i]:l: firm-specific loadings on the common component

> signal error covariance matrix

{D;, Ci}le: level of perpetual debt and coupon payments

{6;}_,: fraction of assets generated as cash-flows.

I begin the estimation by identifying the face value of the perpetual bond issued by firm 1,
D;, with the last pre-crisis (Q2 2007) observation of the firm’s value of long-term debt; notice
that, since the model-implied debt has infinite maturity, long-term debt is a better measure
than total debt as it excludes short-term liabilities. The coupon payment, C;, is then chosen to
make the level of debt D; optimal. Following the model assumption that each firm generates a
constant fraction §; of assets as cash-flows, I identify §; as the time-series average of the total
earnings as a fraction of total assets. The rest of the parameters are identified using the Gibbs
sampling procedure of Appendix A.

The estimated reference model parameters are presented in Tables 2 — 3 and the filtered
time series of the expected fundamental value of each firm’s assets under the reference model
is plotted in Fig. 9. Notice first that the filtered fundamental asset value grows less over the
considered time period than the observed book values and CS10 index. Intuitively, since the
estimation extracts the filtered mean of the fundamental asset values from the observations of
book values, the filtered values should have a smaller time trend. Notice also that the states
of the economy are highly persistent. The probability of the firm-specific component of asset
values staying in the same state next period is around 54% and the probability of the aggregate
component of asset values staying in the same state next period is around 99%. Notice also that,
although book values have a high correlation with the Case Schiller 10 Index, the estimated firm-
specific loadings on the aggregate component of asset values is lower, ranging from 27% for JP
Morgan and less than 1% for Bear Stearns. Finally, notice that the signal errors have low cross-
correlations of at most 7% and a higher variance, ranging from 73% for the Case Schiller 10

Index to 15% for Goldman Sachs.
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4.2 Estimating the misspecification preference parameter

Consider now estimating the misspecification preference parameter, §~'. Rewrite the CDS

equation (3.24) as:

0=2X,Y (m,t,T) — ci(t,T) Y _ BT (m,t, £+ 65).
k=1

To estimate §~!, I assume that the CDS rates are observed with a measurement error. In

particular, assume that the observation equation is given by:

n

0=2X;Y (m,t,T) — &(t,T) Y _ B¥W (m,t,t + 65) + ey,
k=1

where ¢;(¢,T") are the observed CDS rates and the vector of maturity-specific measurement er-
OIS €t = (€14, - - -, €7,¢) is normally distributed and i.i.d. across time and firms: ¢ ~ N(0, X,).
I make draws of §~! using a Random Walk Metropolis algorithm with a flat prior. The ac-
cept/reject probability for the draws of ! is the ratio of the likelihood of the CDS rates for all
firms, at all available data points and for all available maturities.

I conduct three estimations of the parameter #~! using different data sub-periods: the pre-
crisis period, the period from the start of the crisis to the bailout of Bear Stearns and the
period from the bailout of Bear Stearns to the liquidation of Lehman Brothers. The results of
these estimations are presented in Table 4. Notice that the three different periods do not yield
significantly different estimates of 6~!, suggesting that the investors attitudes toward model
misspecification do not change significantly during the crisis period. Instead, the observed
changes in CDS rates are due to shifts in what kind of misspecification the agents are more
concerned about.

Consider now the model-implied time series evolution of credit spreads. Since the estimate
of ! does not change during the crisis, I use the pre-crisis estimate of #~! to compute the
model-implied CDS spreads. Table 5 presents the observed 5 year CDS spreads for the financial

institutions at five dates of interest — before the start of the crisis, July 2007, at the start of
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the crisis in August 2007, after the bailout of Bear Stearns in March 2008, after the liquidation
of Lehman Brothers in September 2008 and after the introduction of TARP in October 2008 —
together with the model-implied CDS rates at these dates. Notice first that the model-implied
CDS rates follow the observed pattern of increasing during the financial crisis. Further, for most
institutions, the implied CDS rates match the levels of CDS spreads over time, although the
performance of the estimated model worsens after the liquidation of Lehman Brothers.

To evaluate how misspecification shifts during the crisis, I compute the entropy contributions
from misspecification of the joint distribution of next period’s signals and state and misspecifica-
tion of the conditional probability distribution of the current state. Notice first that the entropy
contribution from the misspecification of the conditional probability distribution of the current
state is much smaller than the contribution from the misspecification of the joint distribution
of next period’s signals and state. Notice also that both components of entropy increase after
the BNP Paribas announcement in August 2007, which is consistent with the Caballero and
Krishnamurthy [2008a] intuition that ambiguity increased during the crisis. The period between
the bailout of Bear Stearns and the liquidation of Lehman Brothers in September 2008 on the
other hand only lead to increase in the entropy from the misspecification of the conditional prob-
ability distribution of the current state. Intuitively, while investors observed the bailout of Bear
Stearns, they were not sure that the government would conduct any more bailouts, increasing
the overall uncertainty in the economy.

To further understand the time series evolution of asset prices during the crisis, consider the
time series evolution of expected time to default of the financial institutions. Table 6 presents
the expected time to default for the financial institutions at five dates of interest — before the
start of the crisis, July 2007, at the start of the crisis in August 2007, after the bailout of Bear
Stearns in March 2008, after the liquidation of Lehman Brothers in September 2008 and after
the introduction of TARP in October 2008 — together with the percentage change in the time to
default relative to the previous month. The initial BNP Paribas announcement in August 2007

only lead to a decrease in the expected time to default for only Bank of America and Goldman
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Sachs. The bailout of Bear Stearns lead to a decrease in expected time to default of all firms,
except for Bank of America. Notice, however, that while the increase in expected time to default
for Bank of America was small — only 2% , the decrease in expected time to default for the other
firms was much larger — from 16% for Morgan Stanley to 32% for JP Morgan. Thus, overall, the
bailout of Bear Stearns induced contagion effects on the rest of the financial institutions, with
the degree of contagion varying across firms. Similarly, the liquidation of Lehman Brothers lead
to a decrease in the expected time of default for all firms except Bank of America and Goldman
Sachs. It is important to note that, for these two institutions, the increase in expected time to
default was significant — 20% for Bank of America and 120% for Goldman Sachs.

Compare this to the evolution of expected times to default under the reference model, pre-
sented in Panel B of Table 6. Notice first that, under the reference model, the expected time to
default is longer at all dates than under the misspecified model. Intuitively, the misspecification-
averse agent perceives the probability of default next period to be greater than under the refer-
ence model, decreasing the expected time to default. Next, consider the time evolution of the
expected times to default. The initial BNP Paribas announcement leads to a slight ( 0.03%)
decrease in the expected time to default for each of the institutions. As under the misspecified
model, the decrease in the expected time to default is much greater after the bailout of Bear
Stearns. Notice, however, that the decrease under the reference model is greater than under the
misspecified model. Intuitively, since the misspecification-averse agent already has more pes-
simistic views of the future, observing the bailout of Bear Stearns did not have as a large of an
impact on her beliefs as it did on the beliefs under the reference model. Similarly, the decrease
under the reference model after the liquidations of Lehman Brothers is larger than under the
misspecified model. After introduction of TARP in October 2008, however, the increase in the
expected time to default under the reference model is much smaller than under the misspecified
model.

Finally, consider the implied time series evolution of equity prices during the crisis. Fig.

11 plots the observed evolution of equity prices together with the model-implied evolution.
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Although we cannot hope to match the level of equity prices since the firm earnings model in
the paper is extremely simplistic, the model should be able to match the observed movements in
equity prices. Comparing the model-implied evolution to the true evolution of equity prices, we
see that the model-implied equity prices lag the observed equity prices. This is not surprising
since the signals used to construct the time series evolution of conditional probabilities are
backward-looking; for example, the Case-Schiller 10 Index is constructed using observations
over the previous three months. The model is able to capture the overall downward trend of
equity prices during the crisis and especially well the sharp drop in equity prices after the bailout

of Bear Stearns and after the liquidation of Lehman Brothers.

5 Conclusion

In this paper, I consider the implications of model misspecification for default swap spreads.
Using an incomplete information version of the Black and Cox [1976] model of credit spreads as
the reference model, I find that introducing misspecification concerns exacerbates the imperfect
information problem faced by the representative agent. This leads to an increased level of default
swap spreads overall and greater sensitivity of CDS spreads to bad news. The misspecification-
averse agent perceives the probability of default next period to be higher than under the reference
model, increasing CDS spreads and decreasing expected time to default. Observing a bad signal
not only increases the conditional probability of being in a low-payoff state in the current period
but also increased the perceived probability of default in the next period.

To investigate whether the model can produce reasonable magnitudes of CDS spreads, I
estimated the parameters of the reference model using observations of the book value of equity of
several financial institutions as firm-specific signals and of Case Schiller 10 Index as observations
of aggregate signals. The misspecification preference parameter #~! was then estimated using
observations of CDS spreads for the financial institutions over time. The results of the estimation
procedure suggest that, while agents’ preference toward model misspecification did not change

during the crisis, the amount of entropy in the economy and how that entropy is decomposed into
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the contributions from misspecification of the joint distribution of next period’s signals and state
and misspecification of the conditional probability distribution of the current state did change.
In particular, the initial BNP Paribas announcement in August 2007 lead to an increase in
both components of entropy and, especially, in the entropy from from misspecification of the
joint distribution of next period’s signals and state. The period between the bailout of Bear
Stearns and the liquidation of Lehman Brothers in September 2008 on the other hand only lead
to increase in the entropy from the misspecification of the conditional probability distribution
of the current state.

Examining the implied time-series evolution of equity prices, I find that, while the model is
able to match the overall movements of the equity prices, the model-implied equity prices lag
the observed equity prices. A possible avenue of future research is to estimate the model under
the assumption that the representative agent in the economy observes more information than
the econometrician estimating the model. While allowing for equity prices to adjust quicker to
news in the market, this would also allow us to estimate the model at a higher frequency and,
thus, extract more information from the observed CDS spreads.

Notice that, while the model described in this paper is geared toward explaining the observed
increases in CDS spreads, similar intuition could be used to explain observed changes to prices
of collateralized debt obligations (CDOs) and other complex securities. In fact, since arguably
CDOs have a more complicated underlying structure than default swaps, model misspecification
concerns would be even more relevant in pricing these securities. A formal treatment of this

problem, however, is left for future research.
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A Reference Model Estimation

I estimate the time series parameters of the reference model using a Gibbs sampling procedure.
Recall the Gibbs sampling allows to sequentially make parameter draws from conditional pos-
teriors. Because the model can be broken down into as many conditional posteriors as needed,
it is possible to fully estimate the reference model specified in Section 3.

Recall that for the model of Section 3.1, the observations in the economy are given by:

Yit = &is T Pi€I+1,s + Wit 1=1,...,1
Yet = gl—i-l,st + Uet,

where s; is the indicator of the state at date ¢. In reality, observations of book value occur at
a quarterly frequency while observations of the aggregate signal occur at a monthly frequency.
Denote by n, the number of periods in between observations of firm-specific signals and by t,
the number of available observations of the firm-specific signals.

To reduce the number of parameters to be estimated, I impose additional restrictions on the
model. In particular, I assume that the vector of the firm-specific components zf; = [21¢, . .., 214
of the hidden state vector z evolves independently of the aggregate component, z.. That is, 1
assume that zy; and z evolve as two independent Markov chains. The vector of firm-specific
components zy evolves as an ny-state Markov chain, with values (g1, ...,(yfy,, and transition
probability matrix €2y defined by:

{Qr}), = wrie =P (zp041 = (ol 250 = () -

Similarly, the aggregate component z. evolves as an n. Markov chain, with values (.1, ..., (n,
and transition matrix €2, defined by:

{Qc}jk = Wei ik = P (Zc,t+1 = Cck‘ Zet = ch) .

I impose also the assumption that the signal errors of the aggregate signal are uncorrelated with
the signal errors of the firm-specific signals but allow for the errors of the firm-specific signals
to be cross-sectionally correlated. That is, I partition the signal covariance matrix into:

Sup O
E — _"U‘f I,l :| ,
“ |: 01,] 2uc

where X, ¢ is the covariance matrix of the firm-specific signals and ¥,. is the variance of the
aggregate signal. Notice that this formulation allows me to estimate the firm value at default
directly from the signal observations: since z¢; and z evolve as two independent Markov chains,
it is possible to recover the lowest value of the firm-specific component and the lowest value of
the common component without observing default.

Denote by O the full set of parameters to be estimated:

6= {va Qm Cflv cee 7Cfnf7 Ccla cee 7CCnC> P1y---5PI, Eufa Zum {Sft}iyzl 5 {SCt}z_':]_}

and by ©_4 the set of all parameters except A: ©_4 = © \ A. With the above assumptions,
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the main steps in the Gibbs procedure are as follows:

Step 1. Conditional on a draw of ©_q,, make a draw of {2

Step 2. Conditional on a draw of ©_g_, make a draw of ).

Step 3. Conditional on a draw of © ¢ yne , make a draw of Cei, ..., Cen,

Step 4. Conditional on a draw of © IR make a draw of (f1,. .., (fn,

Step 5. Conditional on a draw of @_{pi}l—lj make a draw of p1,...,pr

Step 6. Conditional on a draw of ©_y, ,, make a draw of ¥,

uf?

Step 7. Conditional on a draw of ©_y, ., make a draw of X,

Step 8. Conditional on a draw of @_{sct}z“_17 make a draw of {sct}thl
Step 9. Conditional on a draw of © fsp make a draw of {Sft}t 1

Step 10. Permute the state indicators

For the conditional posteriors below, I rely on Gibbs sampling results for regime-switching
models. The initial application of MCMC estimation methods to regime-switching models in due
to Albert and Chib [1993], who estimate an autoregressive model with Markov jumps following
a two-state Markov process. McCulloch and Tsay [1994] extend this to situations where the
regime-switching model includes non-regime-specific (common) components. For the most part
(and in the algorithm below), practical MCMC estimation uses the principle of data augmenta-
tion and treats the indicators of the state of the latent Markov chain as missing data. Treating
observations of the latent Markov chain as missing data allows for the use of conjugate priors in
estimating the parameters of the model. For a more exhaustive discussion of the use of MCMC
methods for estimating the parameters of Markov chains, see Fruhwirth-Schnatter [2006].

A.1 Conditional on a draw of ©_g,, make a draw of (};

Denote by s the ny-periods-ahead transition probability matrix of the firm-specific value vector
) ;= Q Y. Since obsevations of the firm-specific signals occur only every n, periods and

the aggregate signals are not informative about the firm-specific state, I make draws of € ¢ and
then infer the corresponding draw of {2y. Generalizing the results of Albert and Chlb [1993] and
McCulloch and Tsay [1994] to the multiple state case, the conjugate prior for the j** row of Q ¥

is :
- . f f
wy.; ~ Dir (ajl, e Q)

where Dir denotes the Dirichlet distribution®. The posterior is then given by:

~ ; ! f f f
wy; ~ Dir (ajl RECTERRE  Xjing +njnf> )

5Recall that the Dirichlet distribution generalizes the beta distribution to the multinomial case
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where n{k is the number of times the Markov chain z; transitions from state j to state k in the

current draw of {s ft}iir Once a draw of ¢ is made, the corresponding draw of the original
a1

transition probability matrix is computed as {1 = Q}“” .

A.2 Conditional on a draw of ©_g_, make a draw of (2.

Similarly to € f, the conjugate prior for the 4t row of . is the Dirichlet distribution:
We,j ~ Dir (0451, .. ,ajnc) ,
and the posterior is given by:
We,j ~ Dir (oz;l + NGy QG+ ninc) ,

where n?k is the number of times the Markov chain z. transitions from state j to state k in the

T
current draw of {sq;};_.

A.3 Conditional on a draw of ©_( . , make a draw of (.1,...,(cn,

To derive the conditional posterior of (., i = 1,...,n¢, notice that the firm-specific signals con-
tain information about the common component of the fundamental asset values. In particular,
notice that the likelihood function of the signals is given by:

ly

Il
—

T

{1
X exp —3
t

Let i1 < g < ... < ip, denote all the time indices such that s., = j and let y.; =

1 —\ e
L (y| @) X exp {2 Z <yf,7'Ay - Cf,Sf’.,—Ay - pgc,sc’.,.Ay — Uf) Zu]} <yf,7'Ay - Cf,Sf,.,-Ay - pCc,sc,TAy

M=

(yct - Cc,sct - Hc)2
z:uc

1

!/
(ycil, e ,ycin]_) . The conjugate prior is given by:

ch ~ N (Cc,Oja EucA;éj)

and the conditional prior by:

ch ~ N (Eij Euc/ic_;) )

where
Aj = 1y Sucd' 1o +n5+ Ac;
Ny, n;
ch = Ac_jl Eucp/E;} Z(yf,TkAy - Cf,slTkAy - ﬂf) + Z(yc,ik - Hc) + Ac,OjCc,Oj
k=1 k=1
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A.4 Conditional on a draw of @7{9_}73 , make a draw of (y1,...,(ry,

Denote: ygt = ygt — ples,, — . Let j1 < ja < ... < jn; denote all the time indices such that
/
sfj, = J and let y7; = (gf,jl, ey gf,jnj} . Then the conjugate prior distribution is:

G~ N (Crogs ZusAfly)

and the conditional posterior by:

Ci~ N (8o Burdy}).

where:
Arj = nj+Agjo
n;
_ . ~
$io= AL D ra+ Af,jon,jOI
k=1
A.5 Conditional on a draw of @_{pi};_l SO make a draw of py,...,p; and

Define: g1 =yt — Us — (fs,,- The prior distribution for the vector p is then

p~N (50, EquEpl)
and the conjugate posterior is given by:

where:

ty
A, = 2, +A
P C,Sct 0p
t=1

ty
5* = A*_,,I; (Z gft(c,sct + AOpBO) .
t=1

The conjugate prior for ¥, is given by:
Eup ~ IW (v, V)

and the posterior is given by:
Sup ~IW (v +t,V+9),
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where

ty

S =3 (518, — Pesuny ) (Fra8y = Pesurs, )+ (Be = o) Aoy(Be — Bo).

t=1

A.6 Conditional on a draw of ©_y, , make a draw of ¥,

In this case, the conjugate prior is an inverse y?-distribution:

> Z/CS2
uc X2 (VC)

and the conditional posterior by:
ves2 +TE,

Ywe ~ —————
uc XQ(I/C‘i‘T),

where:

T
TEC = Z(yct - Ccsct - H0)2-
t=1

A.7  Conditional on a draw of ©_,, ,r , make a draw of {sct}thl

Denote by S¢ the history of observations of the aggregate regime up to date ¢, S, _; the full
history of the aggregate regime except at date t. The conditional posterior is then given by:

(yct Cc sct)

P (setl {ger} Tt Sos) o P(sct|sc,t_1>P<sc,t+1rscaexp{ } % nny,n € N

2 Euc
P (Sct‘ {ycT}Zzh Sc,—t) X P(Sct‘sc,t—l)]lm(sc,t—l—l lsct) exXp { 2 (thECCSCt)}

1 [
X exp {—2 (st = Chospe = Ploset) g (Yt = Crispe — PCcset)} t=nny,neN

A.8 Conditional on a draw of @7{ g make a draw of {s;};",

Denote Sy; the history of observations of the firm-specific regime up to date ¢, Sy _; the full his-
tory of observations of the firm-specific regime except at date t. Then, the conditional posterior
for sy is given by:

1 R
P (spel {ysetiois Sp—t) o< P(spilspi—1)P(sper1lspe) exp {—2 (st = Crispe = Pleser) g (st = Cpospe — pCcsct)} :

A.9 Permute the state indicators

As discussed in Fruhwirth-Schnatter [2001], the behavior of the sampler described above is
somewhat unpredictable, and the sampler might be trapped at one modal region of the Markov
mixture posterior distribution or may jump occasionally between different model regions causing
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label switching. A simple but efficient solution to obtain a sampler that explores the full Markov
mixture posterior distribution is suggested in Fruhwirth-Schnatter [2006]. Each draw from the
Gibbs sampler is concluded by selecting randomly one of n ! possible permutations of the current
labeling of the firm-specific states and one n.! possible permutations of the current labeling of
the aggregate states. This permutation is then applied to the transition probability matrices €2

and ()., the state-specific parameters (y and (. and the state indicators sjcy and scT.

B Model Misspecification

In this section, I describe the derivation of the risk-sensitive recursion (3.9) and the distor-
tions (3.11)-(3.12) to the filtering distributions. I rely on the results of Hansen and Sargent
[2005], Hansen and Sargent [2007] to formulate the model misspecification problem faced by the
representative investor.

Let M; be a non-negative Fi-measurable random variable, with E[M;] = 1. Using M,
as a Radon-Nikodym derivative generates a distorted probability measure that is absolutely
continuous with respect to the probability measure over F; generated by the model (3.1). Under
the distorted measure, the expectation of a bounded JF;-measurable random variable W; is

E [Wy] = E[MW].

To construct the implied (distorted) conditional density, Hansen and Sargent [2007] factor
the martingale M; into one-step-ahead random variables. More specifically, for a non-negative
martingale {M;},-, form:

Meer ¢ ppo> 0
frd Mt 1 t
M+ { 1 if M, =0

Then M1 = my1 M, and, for any t > 0, the martingale M; can be represented as:
t
M, = Mo [ [ my,
j=1

where the random variable My has unconditional expectation equal to unity. Notice that, by
construction, m;y1 has date t conditional expectation equal to unity. Thus, for a bounded
Fir1-measurable random variable Wy, the distorted conditional expectation implied by the
martingale {M;},- is constructed as:

~ E[MaWia| F)  E[Mypa W] Fi
]E = = e E
[Wt+1| ‘Ft] ]E’ [Mt+1| ft] Mt [mt+1Wt+1| ft] Y

provided that M; > 0. Let M; be the space of all non-negative F;-measurable random variables
my for which E [my| F;—1] = 1. The elements of M;;1 represent all possible distortions of the
conditional distribution over F;1q given JF;; that is, each m;11 € M1 represents a possible
distortion to the underlying asset value dynamics. The amount of distortion introduced by
my41 is measured each period using the conditional relative entropy between the reference and
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distorted models:
(B.1) et (me1) = E [myy1logme | Fil -

To introduce distortion to the signal model, consider factoring the martingale M; in a dif-
ferent way. More specifically, introduce the Gi-measurable random variable M; = E[M;|G;| and

define: " X
..
hy = N, if ]\?t >0

The G;-measurable random variable Mt implies a likelihood ratio for the partial information
set G; while the Fi-measurable random variable h; represents distortions to the probability
distribution over JF; given G;. Define H; to be the space of all non-negative F;-measurable
random variables h; for which E[hiG;] = 1. Similarly to (B.1), the amount of distortion
induced by h; is measured as:

(B2) ég(ht) =E [ht log ht’ gt] .

To solve for the worst-case likelihood, introduce an entropy penalization parameter 6 > 0
which captures the beliefs of the representative agent about the amount of misspecification in
the economy: as 6 increases, the set of admissible alternative models decreases, with the limiting
case 6 = oo corresponding to only the reference model being admissible. Begin by considering
the full-information case. Corresponding to each F;;i-measurable random variable my;; is a
relative density ¢(z*,y*). The minimizing agent solves:

>0

N
min Y [ V(&,797) + 0108 9(65,5")] 66 ) 7(65.0° 2 0)dy*
j=1
subject to:
N
> [ otz ir =1,
j=1
where * denote next period values and 7(z*,y*|z,y) is the joint transition probability:

1
(B.3) (25, y"|z,y) = ]27rZu|_% sz €XD {—2(3/* — 2 =)yt — 2 — 1)

The solution to the minimization problem implies a transformation 7' that maps the value
function that depends on next period’s state (£, 7*,y*) into a risk-adjusted value function that
depends on the current state (z,7,y):

N . * *
(B.4) TY(W16) = —GIOgZ/exp (—W) 7(&5, Y%z, v)dy”.
j=1
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The minimizing choice of ¢ is given by:

exp (_ W(Z*bﬂ*,y*))

E {exp (—7W(z*gr*’y*)) ‘ ]:t} .

Similarly, corresponding to each Gi-measurable random variable h; is a relative density ¥(z),
with the worst-case distortion given as the solution to:

G2 y%) =

N

)3 (W (. 85) + 0log v(&)) | w(&)ps
subject to:
N
Z@b(fj )pj =1
j=1
This implies another operator:
(B.5) T*(W0)(m) = —HIOgZeXp < (. §J)> ¥(&5)p;

The corresponding minimizing choice of v is given by:

exp (- 5:2)
ST (5]

Yi(2) =

C Proofs

C.1 Proof of Lemma 3.2

To obtain a first order approximation to the value function around the point 6! = 0, we need
to take a second order expansion of the risk-sensitive recursion. In particular, approximate:

.n—1 .
exp [_J(p’:)} ~ 1—J(p,0)o" !+ % [J(p; 0)% — 28231’10)} 62
. .p—1
exp |- EEIEED ] 1)+ 00,0007+ 5 (10065 + 80,007 - 26750 ) 672
Denote: Jy(p) = J(p;0), Ji(p) = 859(3;9), so that:
.p—1
exp [_J(p,:)} ~ 1—Jo(p)0~t + = [Jo( )2 288{3(1)] 62
exp [FLELEBIED ) 1 g+ ) 07 + 5 (1016 + B0 — 281()) 072
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Substituting into the risk-sensitive recursion and equating coefficients on powers of 01, we
obtain the following system of equations for Jy(p) and J;(p):

N I
Jolp) = D pid > Aj1<:|27r2u|_5/[U(éj)+ﬁJo(20*)]df(y*—fzf)JrZ Ajir [U(&) + BJg']
Jj=1 i=1

keag

N
200 = AP+ 3op Y elmlE [ (280007) - U + 806) ity - )

j=1  keas

N 1
30 > N (2807 - [0(&) + BT
j=1 i=1

o= ) )\i*k|2772u|_;/[U(Si*)+5Jo( N df (y* - &) +ZM U(&-) + BJ5']

keag

2J7 = (JSZ’)Q + Z ik |27r2u\_% / <25J1(p*) —[U(&+) + BJO(P*)]2> df (y* — &)

keag
I 2
+3 " Ao (2@]{]’ — [U(&-) + BJy] ) :
j=1

To solve the above system, notice that, since the unnormalized probability vector 7 is pro-
portional to the conditional probability vector p, we can use 7 as the state variable as long as
we recognize that Jp and J; are homogeneous of degree 0 in 7, so that Jo(am) = Jo(r) and
Ji(ar) = Ji(m) Yo € R. Recall that p; = m;/(1/y7;), so that, in terms of 7, we can rewrite the
above system as:

N I
Top) = D Z&k\mu\‘%/[ (&) + I df (v — &) + D Njir [U (&) + BT
- =1

201(p) = +Z S e l2esa [ (28007) - U6) + BI0NE) diw - &)
T keay
I

j Ti . Ti12
/Njﬂj ;Aji* (25J1 = [U(&) + BJ5'] )

N
+> :
j=1

I look for a first order approximation to the solution in terms of log deviations from the steady
state conditional distribution. In particular, denote by 7 the stationary distribution of the
Markov chain {z:};>0: @ = A'7. Notice that 7 is the steady state conditional distribution in the
limiting case of arbitrarily uninformative signals where ¥;' = 0. Introduce # to be the vector
of log deviations from the stationary distribution:

9

. log 7y —log7;; j € a$
1 o= J A B
(C.1) Tt { 0 jE€ap
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where 7 = f(y: —&;) Zivzl AkjTk¢—1 is the unnormalized probability vector before conditioning
on observations of default at date ¢, and approximate:

aom) )+ 2 gy
J()(7T)2 ~ J@(W)Q + ZJQ(f) 8Jg§_:r)/diag(ﬂ')ﬁ'
Ji(r) =~ N(F)+ (%Ejydiag(w)ﬁ.

For simplicity, denote: voo = Jo(7), Y01 = 0( ), ~v10 = J1(7), and 11 = 6%177@, so that:

Jo(m) =~ o0+ diag(T)7
Jo()? Yoo + 2700701 diag (%)
Jl(ﬂ') ~ Y0+ ’Yildiag(f)ﬁ.

%

Notice that the restrictions Jy(ar) = Jy(w) and Ji(ar) = Ji(7) imply that:

Z’Ym,jfj =0

Jj€ay

Z’Ylld‘fj = 0.

Jj€ag

Consider now the updating rule for log deviations from the steady state. Recall that unnor-
malized probabilities are updated according to:

N
= F(" = &) D Mg,
h=1

or, equivalently,
*
P A, Tk T
?f y gj ji: kj—

T T
k€ag 3"k

Taking logs of both sides, we obtain the following updating rule for log deviations from the
stationary distribution:

* i ~
=log f(y" — &) +log | D A" exp(#n)
k€a$, J

. . . N — .
Approximating once again around 7 = 0, we obtain:

~ % * ™ = o= A
T alog fly" — &) +log | Y Akj;k, + D0 M D MjTad.

k€ay J keay k€ay

44



Denote: Ly; = log (EkEGCB )\kj%>, Lk = (ZkEacB )\kjfk> Akj, so that the first order ap-
proximation to the evolution equation is given by:

~log f(y* — &) + Loj + LY diag(T) 7.

Notice also that, after observing the default state of firm i, ¢*, the predicted vector of conditional
distribution is given by:

=log f(y" —&;) +logAirj —logT;,  Vj€ap.

Similarly, approximate:
Ty

, =
1y

P = Nﬁj(1+ﬁj*f,fr).

Substituting into the above system and equating coefficients, we obtain the following system:

(C2) 0 = Y T UE)+8 D i (o + v diag(T)diag(Las,)[Ag + Lo])
JeaB kEaB
I
+0 Z T Z)\ji*t]gi
jeas,  i=1
(C3) oy = UE)+8 Y ik (0 + o diag(F)diag(Lag, ) A} + Lo])
keay

I
+BY N Jg = 00 + By diag(F)diag(Lag ) L1y | D T

i=1 lkcas,

©4) 5 = 3 Ner (U@ + 6 [roo +abdiag(m)diag(Leg) (A} + £8-)])

kEaB

+ Z Aisje [U (&) + BIY]
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(C5)2v10 = o — D MUE)*+28 > ik (vi0 + Vi1 diag(®)diag(Las,)[Af + Lo])

j€as, jk€as,

1
#0303 A 27 20t 5 5]

jEag =1
~28 3" TNU () (00 + Y diag(7)diag(Las, )AL + Lo])

J.k€aG
+8%0 > TNkU(E) (oo + 2y diag(T)diag(Las )[AL + Lo])

J.k€ay
(C.6v115; = 2007014 + Vo0 — 2710 — U(§5)?
+28 ) Nk (10 + Vi diag(F)diag(Lag, ) (A} + Lo])
keag

I
B N [207 = 20(6) 5 - B’

)
—2p Z AU (&5) (00 + o1 diag(7)diag(1as, ) [Ag + Lo])
ke€ay
+B%700 Z AikU(&5) (00 + 2701 diag(T)diag(1, )[Allc + Lo))
keag

+26 (11 — (1 = Broo)yo1) diag(T)diag(Las,) LY ( > 7Tl>\lk)

lkeay

(CT27 = () +28 3 (m0+vhidiag(mdiag(Lag )AL + £3))

k€ag
1
Jj=1 kEaB
26U (&) 3 Aok (700+701dm9( )diag(Lag,) (A} + L3 ])
keag
+8%00 3 A (00 + 2ybadiag () diag(Lag, )AL + £5])
keay

where A} is a constant vector given by:

1 1

Ay =—5 = 5(&§ = &) (& — &)

Consider now the distortion to the conditional joint distribution of next period’s signals and
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state. Recall that, in terms of the value function, this is given by:

exp (_ 5J(w;;0—1>>
B [oxp (-24572) | 7]
Taking a first order around the point #~' = 0, we obtain:

P2,y 2 =€) + 07015y e =€) = 1-0718(Jo(n") —E[Jo(n*)| 2 = &)

Gr(",y* 071 =

Equating coefficients, we obtain:

Po(z"y |z =¢) = 1
o1(2%,y*[2 = &) =B (Jo(7™) = E[Jo(7")] 2t = &) -

Substituting for Jy, we obtain:

D1(2",y" |2 = &) = @o + @rdiag(T)7 + ¢, log f(y*),
where:

.

B (S Xis I3 = 300 = Y diag (7)diag (L, ) Lo
+8 D 1eas, At [100 + Vo1 diag(T)diag(Lag, )(A1 +Lo)] G kedg
B (Shy g = I3 ) +
+8 Yicas, At [100 + 11 diag(T)diag(lag,)(Ay + Lo)]  j € ah,k € ap
(C8) Pogi = B <Zz’l—l Ajeirdg" = Y00 — Vo1 diag(T)diag(1a )Egj>
+ ZlEac Ajl [’700 + v diag(T)diag(1, )Eg]} Jj€ap,keaf
B (Sds Ageis 5 = 00 — Y diag(7)diag (1, )£, )

. +6 ZlEac g1 {700 + Y01 diag(T)diag(1a )ﬁo]} J,k €ap
Byb1diag(T)diag(1, )El (Zleac Aji — ) J.k €af
(C.9) rjr = BLYdiag(7)diag(1as, )v01 ZkeaCB Ajk jeag,keap
t 0 j E€ap
— B diag(T)diag(1, ¢) Jk € ap
(C.10)py k. = —Bdiag(7)diag(1 aB)%l j€ap,ke€ay
0 k€ap

Turn now to the distortion to the current period’s conditional probability vector. Recall that
this is given by:
exp (_ U(z)+Rt<ﬁJ<p*)))

wilz) = [exp (~ LRG0 g,]
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Approximating once again around the point §~! = 0, we obtain:
N 1
wl&) +07n(E) = 1-670 Y AulenH [ 0(6) + SR - &)
k=1

N
48705 Dl [ W)+ BI ) - 6.

k=1

Substituting for Jy(7*) and equating coefficients, we obtain:
Yo(§) = 1
N
w1<£j) = Z [ (fl 5] +szlz )\lz - ]z )ng
=1 =1 =1

+8 Zpl Z Ak — Ajk) [700 + Y1 diag(T)diag(1, ) [All€ + Lo+ Eldz’ag(ﬁ)fr]]
=1

keay

Recall that, in terms of log-deviations from the steady state, p; ~ 7; (1 + 7, — 7). We can
represent:

Y1(&) = Go + Grdiag(m)T,
where:

(C11)  Go = Z msU&)+ 5 Z ik [Y00 + Vo1 diag(T)diag(1, )(AllC + Lo)]

leay k€ay

+BZ7UZ)\1Z <Jot = U(&)

leay

I
- Z Ak [00 + Vo diag(7)diag(Las ) (A} + Lo)] — B Z M= I

keag

(C12) G = —Go + Brindiag(T)diag(Lag) Lo | D Tidhim — D A

lymeas leaf

C.2 Proof of Lemma 3.3

Notice first that, substituting the first order expansion to the value of equity of firm ¢ into the
worst-case Euler equation and equating coefficients on the powers of §~!, we obtain the following
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system for Vjo and V;1:

Vio(m)

75
Vio

Via ()

7j
Via

-1 * * 7]
= —-Ci+ 2 0;Aij + B Z Ajk 1275y Q/Vzo(ﬁ )df (y —5k)+5z)\jk*viok

JjE€ag keag k#i

1
= Gt s +8 | Y N l2rmlE [ Valr ) - 60+ A VR

keas, ki

> (&) |GiAi + B> N |27, /Vio(ﬂ*)df(y* — &) +BY A Vg

j€a keas, ki
+8 3 pig 208, / WVio ()1 (&, ™ 1€;) + Vi (7)) df (" — &)
J.k€ag
B8 05 > ke [Vigt 18- 165) + Vi)
jeaS, ki
85" Aok 20,3 / Vo)1 (6, 57 1E5) + Via (7)) df (" — &)
kEa%
8D Njere [Vigtdn (&= 1€7) + ViTF]
ki

where A;; is the fundamental value of asset of firm ¢ in state j. Substituting the approximations
(3.22)-(3.23) and equating coefficients, we obtain:

Vi,00

Vi 01,5

7
Vio

—Ci+ > 75 [ 6iAij + B> Nk [wioo + Vi ghdiag(F)diag(Las,) (Lo + AR)] + B> k= Vigt
j€ag k€ag k#i

0iAij + B Z Ajk [Vi,OO + u§701dz’ag(ﬁ)diag(1a%)(£0 + Allc)] + 8 Z Ajke Vzgk
k€a$ ki

—vio0 + B N Vigh + BV i diag(F)diag(Lag ) L5 Y Tidik
ki Lkeas,

k#£i keay
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vigo = Y TG0 0idij + B Nk Vit + B > Ajk [Vioo + v g diag()diag(las,) (Lo + A})]

j€ay k#1i keay

+8 D Tihjk [vino + Vi diag(F)diag(Las, ) (Lo + Ap)]
J.k€ag

+8 3" Tid [vioo + Vi g diag(@)diag(Las ) (Lo + AL)] o i
]kEaB

+8 > TNk [viooy j Ak + Vi i diag(F)diag(Las, ) Ay ir]
$k€a%

+B DT> Ak VitFeo i + Vil
j€ay ki

vitt,; = Gjo§ 0idij + B Z Nk Vit + B Z Aje [Vi00 + Vi g diag(T)diag(Las ) (Lo + A})]

7j
Vit

ki keas,
483" At [so + Vi diag(mdiag (Lag ) (Lo + AL)]
keay
+8 Z Ajk [Vi,00 + Vi g1 diag(T)diag(1a e )(Lo + Allc)] 0,5k — Vi,10
keay
+B8> " Ajk [0, 1Ak + Vi o1 diag(F)diag(Las, ) Ajey ik] + B Y Njke [Vitk o ke + ViT*]
keay ki

+ Z G,y | 0iAa + 52 N Vigk + 8 Z Ak (Vio0 + v} g diag(T)diag(1as, ) (Lo + Ap)
leag k#i k€ay

+pv, Oldzag( )dz'ag(la%)ﬁllj Z miCoNik + By 11dzag( )diag(la%)ﬁllj Z T1C0 Nk

Lk€ag Lk€aG

+B gy diag(T)diag(Lag ) L1; > Tidik [pouk + L] + 8 Y Y FidikeVigt oriie s
Lk€ay l€aG k#i

+5 Z Tk [Vi00 + Vi g1 diag(T)diag(1as, ) (Lo + AR)] ik

lkeay

B A |vioo + v grdiag(m)diag(Lag ) (L85 + AD)]| pon

keag

+5 Z Ajek Vz oowyj*kAk +v 01dm9( )diag(1 aB)Ak‘Py,J*k]
k€ag

+8 Z Ajek [Vz 10 + v} 11 diag(T)diag(1, )(ﬁ +A}) } + 52)\ e (Vigf d1(Er[€5+) + ViTF)
keay k#i
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where A% is a constant matrix given by:

M = lrmd [ (G006 -0mt -6 - m) (500 - 6 -0 -6 - ) ar - 6
= % (& — &)S M (& — &)] [(&— &S0 (& — &)] + i(&f - )2 N - &)
b6~ Q)SNE - )+ (6 - 8T E - 6) +

D Risk aversion benchmark

In this section, I investigate the performance of a power utility model in explaining the time
series evolution of credit spreads and equity prices. Instead of solving the portfolio allocation
problem of the representative risk-averse agent, I take the stochastic discount factor as given. In
particular, let S; ;s be the stochastic discount factor between dates ¢ and ¢ + s. In an economy
where the representative agent evaluates consumption paths using a power utility function:

1—v
Ky

u(Ky) = T

)

where Ky = K(z) = Zle 0;A;(z;) is the level of consumption at date ¢t and > 0 is the degree
of risk aversion, the stochastic discount factor is given by:

,C—’Y

(D.1) Stit+s = 58%'
Ky

Consider first the CDS spread on a swap with maturity 7' = ¢ 4+ 6n on the consol bond of
firm 4. In the economy with the risk-averse representative agent, this is given by:

2XE | 577U | G

C; (t, T) = _ .
Zzzl 568]}3 [Ict—f—%slﬁ'zt-&-ﬁs gt}
Notice that:
T—t
E[B" K rer| G = Y BE [ 1ni oKl 6]

—_

S=

a) - GZE K Lrmtin] G

k=1

E [’C;:YﬁsanHGS

gt} = E[’C;jﬁs

) _p (Zt4n =&y Zign—1 F &y -y 241 # & 20 = &) be the probability that ¢ +n is the

Let g, J

o1



first hitting time of ¢; conditional on being in state ¢ at date ¢. Then:

) N
E [K;ﬂslnzws G| = Zpjtqj(-lec(aBi)Jy
] st

E[K|a] = ZpﬂZ{A b K(E) ™

]EaB

E |:1Ct——i:ysl Lr—tts, gt: = Z DPjtqji* Z {Asl 52 }]k IC gk

JjE€ag

Table 7 presents the 5 year CDS spreads on the financial institutions for different levels of risk
aversion at four of interest — before the start of the crisis, July 2007, at the start of the crisis in
August 2007, after the bailout of Bear Stearns in March 2008 and after the liquidation of Lehman
Brothers in September 2008 — together with the observations of the 5 year CDS spreads at these
dates. Notice first that while the model-implied credit spreads do increase during the crisis, the
magnitude of the model-implied spreads remains much smaller than that of the observed CDS
spreads. The only exception is JP Morgan, the model-implied spreads for which exceed the
observed ones during the crisis. Notice also, that the dependence on the degree of risk aversion
is not monotone. In particular, although the spreads increase initially as the degree of risk
aversion increases, further increases in risk aversion decrease the model-implied CDS spreads.

Consider now the date t price of a claim to the equity of firm i. Using the stochastic discount
factor of the risk-averse agent, the equity price satisfies the Euler equation:

(D.2) Vie = E[0;Ait — Ci + St1411r5041Vigs1] Gi -

Similarly to the case with model misspecification, I look for a first order approximation to the
equity price in terms of log deviations from the steady state:

Vir(Tt) = Vir,o + Vi1 diag(T) 7 + Oa().

Substituting into the Euler equation and equation coefficients, we obtain:

Viro = Z 7j 0idi; —Ci+ B Z Ajk [Viro + Vi, 1diag(T)diag(1, (50 + Ak)}
]GaB kEaB
+ﬁ Z 7T] Z Ajk gk*
JjEag k#1
Vir1j = 04y —Ci+p Z IC( )\Jk [Viro + Vi1 diag(T)diag(1, (ﬁo +A})]
kea
K -
—I—ﬁZ)\gk — — Vo + BV 1d2ag( Ydiag(1, )£1J Z fl)\lk(é.ik)_.
i lLkEas, k(&)™
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Similarly, at the time of default of firm j, the equity price of firm 4 solves:

V= a0 Y RO (o diagmtiog 145 (€0 + Euding(R) + 5]
k€ag

+BZ)\*;€* 5’“* Ly

-y (28
k#i
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Figure 1: Differences between the reference transition probabilities and the misspecification-
implied transition probabilities for § = 0.5. The parameters used are those of Section 3.3.1.
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Figure 2: Differences between the reference transition probabilities and the misspecification-
implied transition probabilities for # = 1. The parameters used are those of Section 3.3.1.
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BAC BSC Citi GS JPM MER MS WB WFC

) 3.67 3.41 3.97 4.46 9.67 3.39 4.69 3.13 3.13
D | 1398608 381237.992 2093112 891128 1338831 1034133 1160482 647525 492564
X | 4761 70.20 67.91 98.77 75.05 66.96 65.11 45.07 46.35
C | 530.96 120.85 767.83  669.21  496.40 305.24 404.80 225,59  202.27

Table 2: Parameters estimated outside the MCMC procedure of Appendix A. §, the fraction of
assets generated as payoffs, and X, the payment in case of default, are reported in percentage
terms; D is the face value of the consol bond, taken to be the last available observation of
long-term debt; C is the monthly coupon payment on the consol bond.
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Sr

BAC BSC Citi GS JPM MER MS WB WFC
7.40 7.98 9.66 5.54 10.00 9.21 9.11 9.37 9.13
9.83 692 958 520 9.99  9.10 9.00 928  9.02
9.75 7.93 691 519 9.92 908 898 927  8.99
9.74 791 955 013 991 904 897 925 895
9.86 7.99 9.71 5.57 8.00 9.01 8.91 9.17 8.86
9.98 8.07 9.90 5.99 10.11 8.02 8.87 9.16 8.85
9.89 7.99 9.73 5.66 10.03 9.12 6.82 9.14 8.85
9.73 7.91 9.54 5.19 9.91 8.98 8.88 7.49 8.84
9.75 7.92 9.59 5.21 9.95 9.01 8.90 9.19 7.05
9.73 7.88 9.52 5.05 9.90 8.99 8.87 9.14 8.84
9.74 7.94 9.58 5.28 9.91 9.04 8.91 9.16 8.88
9.86 8.01 9.73 5.66 10.02 9.12 8.99 9.27 8.98
9.69 7.89 9.49 5.10 9.90 8.98 8.85 9.10 8.80
9.71 7.89 9.54 5.16 9.88 9.02 8.87 9.13 8.85
9.71 7.91 9.55 5.14 9.90 9.01 8.87 9.13 8.83
9.78 7.94 9.60 5.37 9.95 9.03 8.93 9.18 8.89
9.75 7.92 9.57 5.30 9.93 9.03 8.92 9.18 8.87
9.83 7.97 9.67 5.47 10.00 9.09 8.98 9.23 8.96
<C
406 4.82
P
BAC BSC Citi GS JPM MER MS WB WFC
020 000 009 001 027 009 009 006 001
QC
99.32 0.68
0.54 99.46
Qp
54.90 2.74 2.63 2.56 2.71 2.68 2.60 2.58 2.66 2.70 2.53 2.63 2.73 2.64 2.63 2.63 2.70 2.75
2.58 55.04 2.61 2.68 2.69 2.73 2.66 2.66 2.65 2.66 2.59 2.57 2.62 2.64 2.69 2.59 2.74 2.61
2.63 2.65 55.12 2.65 2.60 2.59 2.72 2.66 2.71 2.68 2.67 2.65 2.59 2.69 2.57 2.57 2.63 2.62
2.63 2.65 2.61 55.08 2.63 2.75 2.53 2.63 2.68 2.62 2.65 2.65 2.63 2.69 2.67 2.62 2.69 2.62
2.62 2.64 2.57 2.73 54.93 2.60 2.73 2.63 2.70 2.62 2.66 2.59 2.59 2.73 2.66 2.62 2.70 2.68
2.68 2.64 2.67 2.62 2.63 54.99 2.80 2.59 2.59 2.64 2.59 2.65 2.55 2.77 2.68 2.57 2.70 2.62
2.79 2.66 2.64 2.67 2.67 2.61 54.87 2.68 2.70 2.58 2.67 2.67 2.63 2.69 2.66 2.59 2.63 2.60
2.65 2.54 2.76 2.65 2.75 2.76 2.47 54.97 2.69 2.63 2.72 2.65 2.54 2.61 2.72 2.61 2.65 2.62
2.70 2.67 2.60 2.64 2.84 2.67 2.65 2.66 54.98 2.59 2.52 2.58 2.73 2.64 2.67 2.73 2.56 2.57
2.73 2.58 2.65 2.70 2.64 2.63 2.74 2.62 2.67 54.76 2.69 2.56 2.69 2.62 2.74 2.67 2.58 2.73
2.70 2.58 2.71 2.64 2.58 2.65 2.68 2.62 2.51 2.78 55.04 2.71 2.61 2.57 2.62 2.68 2.66 2.65
2.63 2.65 2.58 2.68 2.62 2.57 2.61 2.62 2.57 2.66 2.75 55.23 2.62 2.56 2.66 2.69 2.74 2.57
2.64 2.66 2.64 2.57 2.57 2.75 2.69 2.66 2.64 2.67 2.60 2.57 55.08 2.53 2.64 2.76 2.64 2.69
2.58 2.59 2.63 2.60 2.64 2.69 2.65 2.61 2.65 2.63 2.61 2.58 2.68 54.96 2.60 2.73 2.79 2.81
2.61 2.66 2.67 2.66 2.60 2.59 2.67 2.65 2.75 2.67 2.75 2.66 2.60 2.60 54.82 2.71 2.68 2.63
2.74 2.67 2.53 2.65 2.65 2.61 2.66 2.73 2.72 2.61 2.62 2.72 2.62 2.76 2.70 54.82 2.51 2.65
2.67 2.65 2.61 2.58 2.70 2.66 2.68 2.71 2.68 2.61 2.65 2.60 2.70 2.59 2.74 2.70 54.87 2.58
2.59 2.64 2.66 2.63 2.52 2.64 2.67 2.69 2.65 2.64 2.66 2.76 2.62 2.72 2.61 2.70 2.71 54.88
E'U/
BAC _BSC _ Ciu GS __ JPM__ MBR __MS WB ___WFC__ CS10
BAC 31.92 3.85 8.56 -0.05 7.85 3.71 5.99 6.69 5.76 0
BSC 3.85 25.47 3.85 0.01 4.02 2.34 3.14 3.63 2.81 0
Citi 8.56 3.85 32.76 -0.04 7.49 3.80 6.21 6.67 6.23 0
GS -0.05 0.01 -0.04 14.45 -0.03 0.01 -0.06 -0.02 -0.03 0
JPM 7.85 4.02 7.49 -0.03 35.26 4.10 5.10 7.12 5.23 0
MER 3.71 2.34 3.80 0.01 4.10 25.42 2.96 3.63 3.08 0
MS 5.99 3.14 6.21 -0.06 5.10 2.96 27.16 4.76 4.32 0
WB 6.69 3.63 6.67 -0.02 7.12 3.63 4.76 29.20 4.88 0
WFC 5.76 2.81 6.23 -0.03 5.23 3.08 4.32 4.88 27.54 0
CS10 0 0 0 0 0 0 0 0 0 72.93

Table 3: Reference model parameters estimated using the MCMC procedure of Appendix A.
The transition probability matrices Q2 and (2. as well as the covariance matrix ¥, are reported
in percentage terms. The parameters are estimated using 10000 draws from the Gibbs sampler,

with a 1000 draw burn-in period.
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0—1

St.Dev.

Pre-crisis
0.52
0.026

Pre- Bear Stearns
0.43

0.031

Pre- Lehman Brothers
0.51
0.029

Table 4: Estimates of the misspecification parameter §~! and the standard deviation of the

parameter using different periods of observations of CDS rates.
Metropolis-Hastings procedure.

Draws are made using the

BAC BSC Citi GS JPM MER MS WB WFC
R B T T A R R R VO VR (Y R
Mt A0 | ) gt ath ses mo e oir 33 0
March 312008 | G 1o ase 1390 83 dm7 934 52 909
Septenber 02008 | 7 1115 g s 160 3003 8175 305 195
October 312008 | 553 165 17gs 307 Lo 2035 41026 1313 981

Table 5: Observed 5 year CDS rates and model-implied 5 year CDS rates at four different dates.
The reference model parameters are estimated using the Gibbs sampling procedure of Appendix
A and the misspecification parameter §~! using the Metropolis-Hastings procedure
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Panel A: Misspecified Model

BAC BSC Citi _GS JPM MER MS WB  WEFC

Tulv 31 2007 947 866 989 942 743 1073 1128 11.07 10.93
wy 98.16  -24.32  -22.76 13471 -10.12 -14.55 -1.26 -14.59 -14.61
739 1148 1288 3.95 831 1259 1146 13.00 12.84

August 312007 | o100 3953 3019 -58.01 1195 1741 1.63 17.44  17.50
755 0.00 10.32 384 562 10.13 958 10.60 10.42

March 31 2008 206 -100.00 -19.46 -424 -31.99 -19.24 -16.12 -18.17 -18.51
9.08 - 959 879 7.07 1043 1099 10.77 10.63

September 30 2008 | o) 1o . 2621 120.86 -14.97 -15.87 -2.80 -15.87 -15.91
747 - 1208 3.67 8.06 1221 11.15 12.63 1247

October 31 2008 |, - 35.38 -58.28 13.95 17.08 1.39 17.27 17.27

Panel B: Reference Model

BAC BSC Citi GS JPM MER MS WB WFC

Tl 312007 1647 1647 1647 1647 1647 1647 1647 1647 1647
wy 004 004 004 004 004 004 004 004 004
1646 16.46 1646 1646 16.46 1646 16.46 1646 16.46

August 312007 1 g2 503 003 -003 -0.03 -0.03 -003 -0.03 -0.03
1123 0.00 11.26 11.23 1121 11.19 1121 1122 11.21

March 312008 | o1 7/ 100.00 -31.63 -31.79 -31.88 -31.08 -31.00 -31.81 -31.87
11.23 - 1125 1125 11.26 1122 11.21 1122 11.22

September 30 2008 | ¢ - 2797 -27.99 -27.92 -2812 -28.18 -28.13 -28.15
11.32 - 1135 11.34 11.35 11.32 11.31 11.32 1131

October 31 2008 | ) ¢ - 085 084 079 084 085 087  0.85

Table 6: Expected time to default and the percentage change in the expected time to default
relative to previous month for different financial institutions. Panel A: expected time to de-
fault perceived by the misspecification-averse agent. Panel B: expected time to default under
the reference model. The reference model parameters are estimated using the Gibbs sampling
procedure of Appendix A and the misspecification parameter #~! using the Metropolis-Hastings

procedure.
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July 31 2007

Data | 0 0.5 1 2 3 4 5
BAC | 362 |13 14 16 1.7 1.7 15 1.2
BSC | 161716 16 16 16 14 1.0 0.7
Citi 372 |14 15 15 1.6 1.5 1.2 0.9
GS 81.2 |14 14 13 12 1.0 0.8 0.5
JPM 55 1.2 1.8 2.7 57 108 179 259
MER | 747 |14 15 16 17 16 14 1.0
MS 752 |14 15 16 18 17 15 1.1
WB 395 |14 15 16 1.7 1.7 1.5 1.1
WFC | 359 |14 15 16 1.7 1.7 1.4 1.1
August 31 2007
Data | 0 0.5 1 2 3 4 5
BAC | 39.7 |19 21 22 25 25 22 1.7
BSC | 135721 21 21 20 17 13 09
Citi | 455 |20 21 22 22 21 1.7 1.2
GS 688 |20 20 19 18 1.5 1.1 0.7
JPM | 454 | 1.8 26 39 82 156 259 375
MER | 71.7 |20 21 22 24 23 20 1.5
MS 688 |20 21 23 25 25 22 16
WB | 394 |20 21 23 25 25 21 1.6
WEC 35 20 2.1 23 24 24 2.0 1.5
March 81 2008
Data 0 0.5 1 2 3 4 5
BAC 86.8 19.0 19.4 19.6 19.2 17.3 13.9 9.9
BSC | 122.7 | 861.4 795.8 729.6 591.7 4454 301.7 181.3
Citi | 1382 | 195 193 189 174 147 11.1 7.4
GS 115 20.2 188 174 142 10.7 7.2 4.2
JPM | 875 | 186 26.2 365 679 116.0 176.8 237.7
MER | 195.8 | 20.4 20.6 20.6 19.6 17.2 13.4 9.3
MS 153.9 | 19.9 20.2 20.4 19.8 17.7 14.1 9.9
WB | 142.8 | 19.8 20.1 20.2 195 173 13.7 9.5
WFC | 8.8 | 19.7 199 200 19.1 16.8 13.2 9.2
September 30 2008
Data 0 0.5 1 2 3 4 5
BAC | 170 | 19.2 196 19.8 195 175 141 10.0
BSC | 143.3 | 19.8 188 17.7 149 116 8.1 4.9
Citi | 301.7 | 19.8 196 19.2 17.7 150 11.3 7.5
GS 452.5 1 19.7 184 17.0 13.9 10.5 7.0 4.1
JPM | 143.8 | 17.5 24.6 34.3 63.9 109.2 166.4 22338
MER | 410.8 | 19.7 199 19.8 189 16.6 13.0 9.0
MS 1022 | 20.0 20.3 20.5 199 17.8 14.2 9.9
WB | 385.8 | 20.1 204 20.5 197 175 139 9.7
WEC 170 19.7 20.0 20.0 19.2 16.9 13.3 9.2

Table 7: Observed five year CDS and implied CDS for different levels of the risk aversion
coefficient, v, at four different dates. The reference model parameters are estimated using the
Gibbs sampling procedure of Appendix A.
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Figure 3: Differences between the reference conditional probabilities and the misspecification-
implied conditional probabilities. Left column: 6 = 0.1; right column: § = 1. The parameters
used are those of Section 3.3.1.
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11.5
11

10.5

Figure 4: 5 year CDS rate for various values of the misspecification parameter #~! when no
defaults have occurred. The parameters used are those of Section 3.3.1.
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Figure 5: Percentage change in the 5 year CDS rate for various values of the misspecification
parameter ! after the other firm defaults. The parameters used are those of Section 3.3.1.
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Figure 6: Expected time to default for various values of the misspecification parameter 6~ when
no defaults have occurred. The parameters used are those of Section 3.3.1.
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Figure 7: Percentage change in the expected time to default for various values of the misspeci-
fication parameter #~! after the other firm defaults. The parameters used are those of Section
3.3.1.
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Figure 8: Evolution of the five year CDS spreads for financial institutions over the course of the
crisis. Data source: Datastream
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Figure 9: Filtered estimates of fundamental asset value evolution (left-hand scale) and the ob-
served book value evolution (right-hand scale) for different financial institutions. Parameters are
estimated using the Gibbs Sampling procedure of Appendix A with 10000 draws and 1000 draw
burn-in. The different states are weighted using the reference model conditional probabilities.
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Figure 10: Components of relative entropy between the reference and misspecified models over
time. Upper panel: entropy due to misspecification of the joint signals and states dynamics;
central panel: entropy due to misspecification of the current period conditional probability; lower
panel: total entropy. The right hand scale in each panel is the three month moving average of
the corresponding entropy measure. The misspecification parameter, §~! is estimated using a
Metropolis-Hastings algorithm and observations of CDS spreads.
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Figure 11: Value of equity under the misspecified model (left-hand scales) and the observed value
of equity (right-hand scale) of the different financial institutions over time. The misspecification
parameter, ! is estimated using a Metropolis-Hastings algorithm and observations of CDS
spreads.
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