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Abstract

A theory of money needs a proper place for financial intermediaries. Intermediaries
create inside money and their ability to take risks determines the money multiplier. In
downturns, intermediaries shrink their lending activity and fire-sell assets. Moreover,
they create less inside money, exactly at a time when the demand for money rises.
The resulting Fisher disinflation hurts intermediaries and other borrowers. The initial
shock is amplified, volatility spikes and risk premia rise. Monetary policy is redistribu-
tive. An accommodative monetary policy, focused on the assets held by constrained
agents, recapitalizes balance sheet-impaired sectors in downturns and hence mitigates
these destabilizing adverse feedback effects. However, monetary policy also creates
moral hazard in the sense that it cannot provide insurance and control risk-taking sep-
arately. Hence, macroprudential policy that controls leverage attains higher welfare

than monetary policy alone.
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1 Introduction

A theory of money needs a proper place for financial intermediaries. Financial institutions
are able to create money — when they extend loans to businesses and home buyers, they
credit the borrowers with deposits and so create inside money. Money creation by financial
intermediaries depends crucially on the health of the banking system and the presence of
profitable investment opportunities. This paper proposes a theory of money and provides
a framework for analyzing the interaction between price stability and financial stability. It
therefore provides a unified way of thinking about monetary and macroprudential policy.

We model money supply and demand, and the role of financial intermediaries as follows.
Households manage productive projects that use capital and expose them to idiosyncratic
risk. They hold money for self insurance against this risk. This creates money demand - as
in Samuelson (1958) and Bewley (1980) money has value in equilibrium even though it never
pays dividends - in other words money is a bubble. Money supply consists of outside money
and inside money created by intermediaries. Intermediaries take stakes in the households’
risky projects, absorbing and diversifying some of household risk. They are active in maturity
and liquidity transformation, as they issue liquid short-term (inside) money and invest in
illiquid long-term assets. The mismatch between assets and liabilities exposes intermediaries
to risk. When intermediaries suffer losses, they shrink their balance sheets, creating less
inside money and financing fewer household projects. In this case money supply shrinks and
money demand rises. Together, both effects lead to increase in the value of outside money;,
i.e. disinflation a la Fisher (1933) occurs.

The relationship between the value of money and the state of the financial system can be
understood through two polar cases. In one polar case intermediaries are undercapitalized
and cannot perform their functions. Without inside money, money supply is scarce and the
value of money is high. Households have a desire to hold money which, unlike the households’
risky projects, is subject only to aggregate, not idiosyncratic, risk. In the opposite polar case,
intermediaries are well capitalized and so well equipped to mitigate financial frictions. They
are able to exploit the diversification benefits by investing across many different projects.
Intermediaries also create short-term (inside) money and hence the money multiplier is
high. At the same time, since households can offload some of their idiosyncratic risks to the
intermediary sector, their demand for money is low. Hence the value of money is low in this
polar case.

An adverse shock to end borrowers not only hurts the intermediaries directly, moving the



economy to the first polar regime with high value of money, but also becomes amplified on
both sides of the intermediaries’ balance sheets. On the asset side, intermediaries are exposed
to productivity shocks of their end-borrowers. End-borrowers’ fire sales depress the price of
physical capital and liquidity spirals further erode intermediaries’ net worth (as shown in
Brunnermeier and Sannikov (2014)). On the liabilities side, intermediaries are hurt by the
Fisher disinflation. As lending and inside money creation shrink, money demand rises and
the real value of nominal liabilities expands. Overall, the economy’s capacity to diversify
idiosyncratic risk moves around endogenously.

Monetary policy can work against the adverse feedback loops that precipitate crises, by
affecting the prices of assets held by constrained agents and redistributing wealth. That is,
monetary policy works through wealth/income effects, unlike conventional New Keynesian
models in which monetary policy gains traction by changing intertemporal incentives — a
substitution effect. Specifically, in our model, monetary policy softens the blow of negative
shocks and helps the intermediary sector to maintain the capacity to diversify idiosyncratic
risk. Thus, it reduces endogenous (self-generated) risk and overall risk premia. Monetary
policy is redistributive, but it is not a zero-sum game — redistribution can actually improve
welfare. Unexpected monetary policy redistributes wealth, but anticipated loosening redis-
tributes risk by affecting prices and returns on assets in different states. Thus, monetary
policy can provide insurance.

Simple interest rate cuts in downturns improve economic outcomes only if they boost
prices of assets, such as long-term government bonds, that are held by constrained sectors.
Wealth redistribution towards the constrained sector leads to a rise in economic activity and
an increase in the price of physical capital. As the constrained intermediary sector recovers,
it creates more (inside) money and reverses the disinflationary pressure. The appreciation of
long-term bonds also mitigates money demand, as long-term bonds can be used as a store of
value as well. As banks are recapitalized, they are able to take on more idiosyncratic house-
hold risks, so economy-wide diversification of risk improves and the overall economy becomes,
somewhat paradoxically, safer. In a sense, this is like the Keynesian savings paradox (less
individual saving means more aggregate saving), but now applied to risk. Importantly, mon-
etary policy also affects risk premia. As interest rate cuts affect the equilibrium allocations,
they also affect the long-term real interest rate as documented by Hanson and Stein (2014)
and term premia and credit spread as documented by Gertler and Karadi (2014). From
an ex-ante perspective long-term bonds provide intermediaries with a hedge against losses

due to negative macro shocks, appropriate monetary policy rule can serve as an insurance



mechanism against adverse events.

Like any insurance, “stealth recapitalization” of the financial system through monetary
policy can potentially create a moral hazard problem. However, moral hazard from monetary
policy is less severe than that associated with explicit bailouts of failing institutions. The
reason is that monetary policy is a crude redistributive tool that helps the strong institutions
more than the weak. The cautious institutions that bought long-term bonds as a hedge
against downturns benefit more from interest rate cuts than the opportunistic institutions
that increased leverage to take on more risk. In contrast, ex-post bailouts of the weakest
institutions create strong risk-taking incentives ex-ante.

While monetary policy improves welfare, the right amount of risk redistribution is not
always clearcut because of side effects as many quantities adjust endogenously. Monetary
policy cannot control risk separately from risk-taking and risk premia. Policy that only
partially completes the markets need not be welfare-improving, as in the famous Hart (1975)
example. Monetary policy is just one tool, which cannot perfectly control the many quantities
determined by a system of equilibrium equations, i.e. moral hazard exists.

We show that combining monetary policy with macroprudential policy measures that con-
trol individual households’ undiversifiable risk-taking significantly increases welfare. There
are various reasons for this - even without intermediaries household portfolio decisions create
pecuniary externalities, as they affect the price of capital, and thus idiosyncratic risk expo-
sure of others, as well as the rate of economic growth. With intermediaries, macroprudential
policies in addition affect risk premia, and thus earnings and the law of motion of the wealth

distribution.

Related Literature. Our approach differs in important ways from both the prominent
New Keynesian approach but also from the monetarist approach. The New Keynesian ap-
proach emphasizes the interest rate channel. It stresses the role of money as unit of account
and price and wage rigidities as the key frictions. Price stickiness implies that a lowering
nominal interest rates also lowers the real interest rate. Households bring consumption for-
ward and investment projects become more profitable. Within the class of New Keynesian
models, Christiano, Moto and Rostagno (2003) is closest to our analysis as it studies the
disinflationary spiral during the Great Depression. More recently, Curdia and Woodford
(2010) introduced financial frictions in the new Keynesian framework.

In contrast, our I Theory stresses the role of money as store of value and the redistributive
channel of monetary policy. Financial frictions are the key friction. Prices are fully flexible.

This monetary transmission channel works primarily through capital gains, as in the asset



pricing channel promoted by Tobin (1969) and Brunner and Meltzer (1972). As assets are
not held symmetrically in our setting, monetary policy redistributes wealth and thereby
mitigates debt overhang problems. In other words, instead of emphasizing the substitution
effect of interest rate changes, the I Theory stresses wealth/income effects of interest rate
changes.

Like in monetarism (see e.g. Friedman and Schwartz (1963)), an endogenous reduction
of money multiplier (given a fixed monetary base) leads to disinflation in our setting. While
inside and outside money have identical return and risk profiles (and so are perfect substitutes
in the eyes of an individual investor), they are not the same for the economy as a whole.
Inside money serves a special function: By creating inside money, intermediaries are able
to diversify risks and foster economic growth. Hence, in our setting monetary intervention
should aim to recapitalize undercapitalized borrowers rather than simply increase the money
supply across the board. A key difference to our approach is that we focus more on the role
of money as a store of value instead of the transaction role of money. The latter plays an
important role in the “new monetarist economics” as outlined in Williamson and Wright
(2011) and references therein.

Instead of the “money view” our approach is closer in spirit to the “credit view” a la
Gurley and Shaw (1955), Patinkin (1965), Tobin (1969, 1970), Bernanke (1983) Bernanke
and Blinder (1988) and Bernanke, Gertler and Gilchrist (1999).!

As in Samuelson (1958) and Bewley (1980), money is essential in our model in the
sense of Hahn (1973). In Samuelson households cannot borrow from future not yet born
generations. In Bewley (1980) and Scheinkman and Weiss (1986) households face explicit
borrowing limits and cannot insure themselves against idiosyncratic shocks. Agents’ desire
to self-insure through precautionary savings creates a demand for the single asset, money.
In our model households can hold money and physical capital. The return on capital is risky
and its risk profile differs from the endogenous risk profile of money. Financial institutions
create inside money and mitigate financial frictions. In Kiyotaki and Moore (2008) money
and capital coexist. Money is desirable as it does not suffer from a resellability constraint as
physical capital does. Lippi and Trachter (2012) characterize the trade-off between insurance
and production incentives of liquidity provision. Levin (1991) shows that monetary policy is

more effective than fiscal policy if the government does not know which agents are productive.

IThe literature on credit channels distinguishes between the bank lending channel and the balance
sheet channel (financial accelerator), depending on whether banks or corporates/households are capital
constrained. Strictly speaking our setting refers to the former, but we are agnostic about it and prefer the
broader credit channel interpretation.



The finance papers by Diamond and Rajan (2006) and Stein (2012) also address the role of
monetary policy as a tool to achieve financial stability.

More generally, there is a large macro literature which also investigated how macro shocks
that affect the balance sheets of intermediaries or end-borrowers become amplified and affect
the amount of lending and the real economy. These papers include Bernanke and Gertler
(1989), Kiyotaki and Moore (1997) and Bernanke, Gertler and Gilchrist (1999), who study
financial frictions using a log-linearized model near steady state. In these models shocks
to intermediary/end-borrower net worths affect the efficiency of capital allocation and asset
prices. However, log-linearized solutions preclude volatility effects and lead to stable system
dynamics. Brunnermeier and Sannikov (2014) study the full equilibrium (risk) dynamics,
focusing on the differences in system behavior near the steady state, and away from it. They
find that the system is stable to small shocks near the steady state, but large shocks make
the system unstable and generate systemic endogenous risk. Thus, system dynamics are
highly nonlinear. Large shocks have much more serious effects on the real economy than
small shocks. He and Krishnamurthy (2013) also study the full equilibrium dynamics and
focus in particular on credit spreads. In Mendoza and Smith’s (2006) international setting
the initial shock is also amplified through a Fisher debt-disinflation that arises from the
interaction between domestic agents and foreign traders in the equity market. In our paper
debt disinflation is due to the appreciation of inside money. For a more detailed review of
the literature we refer to Brunnermeier et al. (2013).

This paper is organized as follows. Section 2 sets up the model and derives first the solu-
tions for two polar cases. Section 3 presents computed examples and discusses equilibrium
properties, including capital and money value dynamics, the amount of lending through in-
termediaries, and the money multiplier for various parameter values. Section 4 introduces
long-term bonds and studies the effect of interest-rate policies as well as open-market oper-

ations. Section 5 showcases a numerical example of monetary policy. Section 6 concludes.

2 The Baseline Model Absent Policy Intervention

The economy is populated by two types of agents: households and intermediaries. Each
household can use capital to produce either good a or good b, but can only manage a
single project at a time. Each project carries both idiosyncratic and aggregate good-specific
risk. The two goods are then combined into an aggregate good that can be consumed or

invested. Intermediaries help fund households that produce good b by buying their equity.



Intermediaries pool these equity stakes in order to diversify the idiosyncratic risk, and obtain
funding for these holdings by accepting money deposits. Households that produce good a
cannot issue equity to intermediaries.

Households can split their wealth between one project of their choice and money. There
is outside money - currency, whose nominal supply is fixed in the absence of monetary policy
- and inside money - currency claims issued by intermediaries to finance their investments
in equity of households that use technology b. However, while the nominal supply of outside
money is fixed, the real value of money is determined endogenously in equilibrium. The
dynamic evolution of the economy is driven by the effect of shocks on the agents’ wealth
distribution, as reflected through their portfolio choice. The model is solved using stan-
dard portfolio choice theory, except that asset prices - including the price of money - are

endogenous.

Technologies. All physical capital K; in the world is allocated between the two tech-
nologies. If capital share ¢, € [0,1] is devoted to produce good a, then goods a and b
combined make A(1) K of the aggregate good. Function A(v)) is concave and has an interior

maximum, an example is the standard technology with constant elasticity of substitution s,?
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In competitive markets, prices of goods a and b reflect their marginal contributions to the
aggregate good. Prices must be such that a unit of capital employed in each sector produces

output valued at
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respectively.?

Physical capital k; is subject to shocks that depend on the technology in which it is

2For s = oo the outputs are perfect substitutes, for s = 0 there is no substitutability at all, while for
s = 1 the substitutability corresponds to that of a Cobb-Douglas production function.
3If total output is A(¢))K, then an e amount of capital devoted to technology a would change total

productivity to
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Differentiating with respect to € at ¢ = 0, we obtain
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employed. If used in technology a capital follows

dk ~
k—t = (®(1y) — 0) dt + 0" dZf + " dZ,, (2.1)

t
where dZ; are the sector-wide Brownian shocks and dZ, are project-specific shocks, indepen-
dent across agents, which cancel out in the aggregate. A similar equation applies if capital
is used in technology b. Sector-wide shocks dZ® and dZ? are independent of each other. The
investment function ® has the standard properties ® > 0 and ®” < 0, and the input for

investment ¢, is the aggregate good.

Preferences. All agents have identical logarithmic preferences with a common discount

rate p. That is, any agent maximizes the expected utility of

E {/ e " logc dt} ,
0

subject to individual budget constraints, where ¢, is the consumption of the aggregate good

at time t.

Financing Constraints. Households can hold money and invest in either technology
a or technology b. They can issue risky claims only towards the intermediary sector (not
to each other). However, the amount of risk they can offload to the intermediary sector is
bounded above, with bounds Y® and ¥’ satisfying 0 < y* < x* < 1.* For simplicity, we
set in our baseline model ¥* = 0, and then denote ¥ = ¥°, with Y near 1. Intermediaries
finance their risky holdings (households’ outside equity) by issuing claims (nominal IOUs)
with return identical to the return on money. These claims, or inside money, are as safe
as currency, outside money. In the baseline model, there is a fixed amount of outside fiat
money in the economy that pays zero interest. Figure 1 provides a schematic representation
of the basic financing structure of the model.?

Finally let us offer some additional brief remarks on model interpretation. First, since

Likewise, the marginal contribution of capital devoted to technology b would be A(1)) —1 A’ (). The weighted
sum of the two terms is A(«)) since the production technology is homogenous of degree 1.

4Notice that if Y* = x?, then by holding this maximum fraction of equity of each sector, intermediaries
guarantee that the fundamental risk of their assets is proportional to the risk of the economy as a whole. In
this case, intermediaries end up perfectly hedged, as the risk of money is also proportional to the risk of the
whole economy and the intermediaries’ wealth share follows a deterministic path. In contrast, if y* < x?,
then intermediaries are always overexposed to the risk of sector b. In this case, they hold the maximum
amount y* of equity of sector a, as this helps them hedge and also helps households in sector a offload
aggregate risk. They also hold more than fraction ¥ of equity of sector b, as the risk premium they demand
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Figure 1: Schematic Balance Sheet Representation.

outside money and inside money have the same return and risk profile, it is equivalent
whether households hold outside money or the intermediary/financial sector holds outside
money and issues a corresponding amount of inside money. Second, we interpret our in-
termediary/financial sector as a sector that includes traditional banking, but also shadow
banking and other forms of intermediation and risk mitigation. And third, as all households
have some money balances, the model has no clear borrowing or lending sectors. This feature

distinguishes our model from more conventional loanable funds models.

Assets, Returns and Portfolios. Let ¢; denote the price of physical capital per unit
relative to the numeraire, the aggregate consumption good. In this paper we do not consider
equilibria with jumps, so let us postulate for now that ¢; follows a Brownian process of the

form

% — uldt + (0% dZ,. (2.2)
t

where dZ; = [dZ¢, dZ!]T is the vector of aggregate shocks. Then the capital gains component
of the return on capital, d(k:q)/(k:q:), can be found using Ito’s lemma. The dividend yield
is (A%(1) — 1;)/q; for technology a and (A®(y)) — t;)/q; for technology b.

is initially second-order, and households in sector b demand insurance.
5The model could be easily enriched to allow intermediaries to sell off part of the equity claims up to a
limit x¥! < 1. This would not alter the qualitative results of the model.



The total (real) return of an individual project in technology a is

dry = —Aa<w;) — "t + (®(1) — 6 + pf + (o1)T0"1%) dt + (of + 0*1")" dZ, + 5° dZ,
t
where 1% is the column coordinate vector with a single 1 in position a. The (real) return in
technology b is written analogously. The optimal investment rate ¢;, which maximizes the
return of any technology, is given by the first-order condition 1/¢ = ®'(¢;). We denote the
investment rate that satisfies this condition by ¢(q).
The return on technology b is split between households who hold inside equity and earn

dr®f and intermediaries who hold outside equity and earn dr?!, so
dr? = (1 — ) dr™ + x, dr?,

where x; < x is the fraction of outside equity households issue. The two types of equity
have identical risks, but potentially different returns. The required return on inside equity
may be higher if households would like to issue more outside equity but cannot due to the
constraint. That is, in equilibrium we have we have dr®f > dr?! | with equality if y; < .
Total money supply is fixed absent monetary policy. The value of all money depends on
the size of the economy. Denote the real value of all outside money by p;K;. Since inside
money is a liability for the intermediary sector and an asset for the household sector, it nets

out overall. Let us postulate that p; follows a Brownian process of the form

d
% = pf dt + (o7)" dZ,. (2.3)
t

The law of motion of aggregate capital is

dK,
7: - ((I)(Lt) - 5) dt + Yo dZ} + (1 - wt)gb ng, (2'4)
(o5)T dz,

and the return on money, the real interest rate, is given just by the capital gains rate

d(p: K
drM = (pt—Kt) = (@) =6+ + (o) o)) dt + (o + o) dZ, .
Deiy (Ugw;; iz,
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When a household chooses to produce good a, its net worth follows

dn
—L =0 dr® 4 (1 —2f) drM — ¢ dt, (2.5)
¢
where x¢ is the portfolio weight on capital and ¢/ is its propensity to consume (i.e. con-
sumption per unit of net worth).
The net worth of a household who produces good b follows
dn
—L =2l drt (1 — 2ty arM — ¢ dt. (2.6)
Uz
Households can choose whether to work in sector a or b, that is, in equilibrium they must
be indifferent with respect to this choice. Denote by «; the net worth of households who
specialize in sector a, as a fraction of total household net worth.

The net worth of an intermediary follows
— =x,dr + (1 — ) drM — ¢ dt, (2.7)

where 7% denotes the return on households’ outside equity dr?! with idiosyncratic risk di-
versified away, i.e. removed. If intermediaries use leverage, i.e. issue inside money, then of

course x; > 1.

Equilibrium Definition. The agents start initially with some endowments of capital
and money. Over time, they trade - they choose how to allocate their wealth between the
assets available to them. That is, they solve their individual optimal consumption and
portfolio choice problems to maximize utility, subject to the budget constraints (2.5), (2.6)
and (2.7). Individual agents take prices as given. Given prices, markets for capital, money
and consumption goods have to clear.

If the net worth of intermediaries is IVy, then given the world wealth of (¢; + p;) K, the

intermediaries’ net worth share is denoted by

Ny
’]7 =
A

_ 2.8
q+p) K, (28)

Definition. Given any initial allocation of capital and money among the agents, an
equilibrium is a map from histories {Z,, s € [0,t]} to prices p; and q;, return differential

dr? — dr® > 0, the households’ wealth allocation «y, equity allocation x; < ¥, portfolio

11



weights (z¢, 2%, x) and consumption propensities ({2, (%, ¢;), such that

(i) all markets, for capital, equity, money and consumption goods, clear,

(ii) all agents choose technologies, portfolios and consumption rates to maximize utility

(households who produce good b also choose ;).

One important choice here is that of households: each household can run only one project
either in technology a or b. They must be indifferent between the two choices. Households
who choose to produce good b must also choose how much equity to issue. If outside equity
earns less than the return of technology b, these households would want to issue the maximal
amount of outside equity of x; = x. This happens in equilibrium only if intermediaries are
willing to accept this supply of equity at a return discount, i.e. dr*! < dr?, so that inside
equity earns a premium. This is the case only if the intermediaries are well-capitalized.
Otherwise, dr®ff = dr?! = dr?| i.e. inside and outside equity of technology b earns the same
return as technology b. In this case, households are indifferent with respect to the amount

of equity they issue, so the equity issuance constraint does not bind.

2.1 Equilibrium Conditions

Logarithmic utility has two well-known tractability properties. First, an agent with loga-
rithmic utility and discount rate p consumes at the rate given by p times net worth. Thus,

¢ = (¢ = ¢! = p and the market-clearing condition for consumption goods is

p(qr + o) Ke = (A(Yr) — 1) K. (2.9)

Second, the excess return of any risky asset over any other risky asset is explained by the
covariance between the difference in returns and the agent’s wealth.
From (2.5) and (2.6), the wealth of households in sectors a and b is exposed to aggregate

risk of

Na __ _.a a1a q M M Nb b b1b q M M
o, —xt(al —|—at—at)+at and o, —xt(al —i—at—at)—l—at,
N -~ N -~ 7
v l,?

and idiosyncratic risk of 2z¢6* and 226°, respectively. Consequently, the difference between
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expected returns of technology a and money is given by

Et[drf — d?“gw]

L =)ot (), (2.10)

where the right-hand side is the covariance of the net worth of a household in sector a with
the excess risk of technology a over money.

To write an analogous condition for technology b, we have to take into account the split
of risk between households and intermediaries. Note that the net worth of intermediaries is
exposed to risk

N _ b M
Oy =TV + 0, .

Therefore, the expected excess return of technology b must satisfy

Ei[dr? — drM]

pm = (1 —x) (W) o + 2b(6")?) + xa()) oY (2.11)

The difference in return of inside and outside equity of households in sector b is then

dri’H — drfl

L ()Tl + (6 - )l 20, (212)

with equality if x; < x.
Households must be indifferent between investing in technologies a and b. The following

proposition summarizes the relevant condition

Proposition 1. In equilibrium

(@) (1 + (6°)%) = (@) (I + (6")?). (2.13)

Proof. See Appendix. n

Market clearing for capital implies that portfolio weights, given the net worth shares of
intermediaries and households, have to be consistent with the allocation of the fraction

of capital to technology b. Denote by

Pt

Tgt —
gt + Pt

(2.14)
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the fraction of the world wealth that is in the form of money. Then

1—0
7y = X9l Z00), (2.15)
Mt
Furthermore, the net worth of households who employ technologies a and b, together, must

add up to 1 —n, i.e.,

(1 =) (1 =) n (1 —x)(1 = 9y) =1—1, (2.16)

Ty L
and the fraction household wealth in sector a is given by

(1 —9)(1 =9
(1 —m)

ap =

2.2 Evolution of the State Variable

Finally, we have to describe how the state variable n;, which determines prices of capital and
money p; and q;, evolves over time. The law of motion of 7, together with the specification
of prices and allocations as functions of n;, constitute the full description of equilibrium: i.e.
the map from any initial allocation and a history of shocks {Z, s € [0, ¢]} into the description
of the economy at time t after that history. The following proposition characterizes the

equilibrium law of motion of 7.
Proposition 2. The equilibrium law of motion of n, is given by

dlr] a a ~a
n_tt = (1= ne) ([P = @) (W1 + (6%)%)) dt + (xy + 07) (0] dt +dZ,).  (2.17)

The law of motion of 7, is so simple because the earnings of intermediaries and households
can be expressed in terms of risks they take and the required equilibrium risk premia. The
first term on the right-hand side reflects the relative earnings of intermediaries and house-
holds. The second term on the right-hand side of (2.17) reflects mainly the volatility of 7,

due to the imperfect risk sharing between intermediaries and households.

Proof. The law of motion of total net worth of intermediaries, given the risks that they take,
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must be

dN,
—L—darM — pdt 4+ (") ((x? + M) dt + dZ,). (2.18)
Ny ———

N
Ot

The law of motion of world wealth (g; + p;) Ky, the denominator of (2.8), can be found from
the total return on world wealth, after subtracting the dividend yield of p (i.e., aggregate

consumption). To find the returns, we take into account the risk premia that various agents

earn. We have

d((q + p) K.
—((i]q:_ ;t))Kt) =drM —pdt + (1 - ﬁt)\(O'tK + ol — oM dZ,+
t + D) 1%y -

(of—o)T

(1= 9)((1 =) ()70 + 27(6°)) +he (e (1) 0" + (1= x) ()70, + 27(5")?))) dt.

- -

g

g

By[drg —drM] Byldrd—drM]
B — @
Recall that
N_ .. b, M Na _ ,a M Nb _ b b M
o, =xv, +o0,, o "=xivr,+o, and o, =,V +o0,

and note that
(1 — th)l/ta + lptVf = O'tq — O'f.

Therefore, the law of motion of aggregate wealth can be written as®
d((qe + pe) K.
% = drM —pdt+ (1 0,)(0f — o?)" (o} dt + dZ,)+

—(e)T

(1 =90 (1 = v)ag (|07 P+ (6%)) + o (v P+ (1= x)a ([ + (6°)%))) dt =

drt — pdt — (of)" (0" dt + dZy) + me 2P dt + (1 — ) (@) (W2 + (6°)) dt,  (2.19)

where we used (2.16) and the indifference condition of Proposition 13.

Thus, using Ito’s lemma, we obtain (2.17).7 O

6Tto’s lemma implies that o} = (1 —9)(o? —of) and pf = (1 —9) (! — uf) — o?a® + (c¥)2.
If processes X; and Y; follow

dX¢ /X, = p¥ dt + 07X dZ, and dY,)Y; =p) dt + o) dZ,,

15



3 Model without Intermediaries

The goal of this section is to understand the determinants of the value of money in a model
without intermediaries. The key determinant of the value of money is, of course, the level
of idiosyncratic risk.

We can anticipate properties of full equilibrium dynamics through our understanding of
the economy without intermediaries. Since intermediaries reduce the amount of idiosyncratic
risk in the economy, the presence of a healthy intermediary sector is akin to a reduction in

idiosyncratic risk parameters in the model without intermediaries.

3.1 Value and Risk of Money

b b

Assume that n = 0. Suppose for the sake of simplicity that ¢ = ¢® = ¢, 7* = ¢° = ¢ and
that max,, A(y) = A is maximized at ¢ = 1/2. Then half of all households produce good a,

and the rest, good b. Aggregate capital in the economy follows

dK,
Ky

g

2

g

= (P(y) — 9) dt + 5

dZ¢ + = dZ?.

Prices p and ¢ are constant. The volatility of the money (or the whole economy) and the

incremental risk of a project in either sector (orthogonal to the risk of money) are

0%2/2 and &6 =./6%+02/2,

respectively. Note that the total risk of technology a or b is Va2 + 62 = /o2 + &2.

Effectively, the economy is equivalent to a single-good economy with aggregate risk &

o

and project-specific risk ¢. In this economy, the market-clearing condition for output (2.9)
becomes
A—ug)=pp+aq). (3.1)
q/(1-9)
Each household puts portfolio weight 1—1) on capital, so its net worth is exposed to aggregate
risk 6 and project-specific risk (1 — ). The excess return on capital over money is the

dividend yield (A —¢(q))/q, since the capital gains rates are the same. Therefore, the asset-

then
d(X,/Yy)

X,/Y, = (i =) dt+ (0 —ay)(dZ, — oy db).
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pricing condition of capital relative to money is

#: (1-9)6* = J=1-,/p/o. (3.2)

Equilibrium in which money has positive value exists only if 62

> p. As ¢ increases, the
value of money relative to capital rises.

For a special form of the investment function ®(¢:) = log(kt + 1)/k, we can also get
closed-form expressions for the equilibrium prices of money and capital.® Then (3.1) implies
that _ .

KA+ 1 and p— o —\/p

K\/po + 1 NG

There is always an equilibrium in which money has no value. In that equilibrium the

q= q. (3.3)

price of capital satisfies A — 1(q) = pq, so that

KRA+1
kp+1°

q= (3.4)
Then the dividend yield on capital is (A — 1;)/q¢ = p and expected return on capital is
p + ®(1;) — 0. Subtracting the idiosyncratic risk premium of 62 the required return on an

asset that carries the same risk as the whole economy, or K3, is
p— 62+ ®(1y) — 6.

If this rate is lower than the growth rate of the economy, i.e. ®(¢;) — d, then an equilibrium
in which money has positive value exists. Lemma 1 in the Appendix generalizes these results
to the case when ¢® # ¢® and 6 # &°.

These closed-form solutions allow us to anticipate how the value of money may fluctuate
in an economy with intermediaries. When 7, approaches 0, households face high idiosyncratic
risk in both sectors, leading to a high value of money. In contrast, when 7, is large enough,
then most of idiosyncratic risk is concentrated in sector a, as households in sector b pass on
the idiosyncratic risk to intermediaries. This leads to a lower value of money.

Intermediary net worth and the value of money will generally fluctuate due to aggregate

shocks Z¢ and Z°. Relative to world wealth - recall that 1, measures the intermediary net

8When the investment adjustment cost parameter « is close to 0, i.e. ®(¢) is close to 1, then the price of
capital ¢ is goes to 1 (this is Tobin’s ¢). As k becomes large, the price of capital depends on dividend yield
A relative to the discount rate p and the level of idiosyncratic risk that affects the value of money.
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worth relative to total wealth - intermediaries are long shocks Z° and short shocks Z¢ when
they invest in equity of households who produce good b. A fundamental assumption of our
model is that intermediaries cannot hedge this aggregate risk exposure. Due to this, they
may suffer losses, and losses force them to stop investing in equity of households who use
technology 0. The intermediary sector may become undercapitalized.

Impossibility of “As If” Representative Agent Economies. Note that it is impos-
sible to construct an “as if” representative agent economy with the same aggregate output
and investment streams and same asset prices that mimics the equilibrium outcome of our
heterogeneous agents economy. In any representative agent economy, absence of individual-
level idiosyncratic risk, capital returns strictly dominate money and hence money could never

have some positive value.

3.2 Welfare Analysis

We start with a general result, which allows us to compute welfare of agents with logarithmic
utility. Expression (3.6) below is valid for an arbitrary process (3.5), regardless of whether

it arises from a feasible equilibrium trading strategy or not.”

Proposition 3. Consider an agent who consumes at rate pn; where n; follows

d
T _ o dt + o7 dZ, (3.5)

Uz
Then the agent’s expected future utility at time t takes the form

> 1 1 > 2
E, {/ e P57 log(pn,) ds| = log(pn:) +-E, [/ e~ Pls=D (u? - W;) ds} . (3.6)
t P P t

Proof. See Appendix. n

Without intermediaries, drift and volatility of wealth for all households are time-invariant.

In general, given portfolio weights 1 — 1) on capital and ¥ on money, we have

= (1— gy AU _qL(Q) +D(ulg) =0 —p, 0" =+/(1—0)%2+ 52 (3.7)

9For example, we can use (3.5) to evaluate welfare of a hypothetical representative agent, who consumes
a portion of world output, to estimate welfare that could be attained without idiosyncratic risk.
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For the equilibrium value of 9 given by (3.2), we have

p'=®((q) —d and " =+/p+ 32 (3.8)

Combining (3) with (3.8), we get the following proposition

Proposition 4. Suppose 62 > p, so that monetary equilibrium exists in the economy without
intermediaries. Then in this equilibrium, the welfare of a household with initial wealth ng = 1

i _ Ygls) | Bla) =0 (p+?)2
p p

Macro-prudential regulation. How does welfare in equilibrium with money compare
to welfare in the money-less equilibrium? If the regulator can control the value of money by
specifying a money holding requirement of the agents, will the money under optimal policy
have greater value than in equilibrium, or lower value? Note that higher value of money
allows agents to reduce their idiosyncratic risk exposure, but creates a distortion on the
investment front, since the value of capital becomes lower.

What if the regulator can control ¥ by forcing the agents to hold specific amounts of
money? As it turns out, under some mild restrictions on 1, it will be optimal for the planner

to force agents to hold more money. Our results are summarized in the following proposition.

Proposition 5. Assume that ®(1) = log(kt+1)/k. Then if money can have positive equilib-
rium value, welfare in equilibrium with money is always greater than that in the moneyless
equilibrium. Furthermore, relative to the value of ¥ in the equilibrium with money, optimal
policy raises ¥ if and only if

(1 —kp) < 2/p. (3.9)

Proof. See Appendix. n

Condition (3.9) reflects the trade-off between the role of money as an insurance asset, and
the distortionary effect of rising money value on investment. On the one hand, the returns
to money are free of idiosyncratic risk, so individual households have less exposure to their
own individual-specific shocks, improving welfare. On the other hand, in the money equilib-
rium, the price of capital is lower, so investment is lower, so overall growth is lower. When
adjustment costs k are large enough, these distortions are minimal, so the diversification

benefit dominates, as we see in condition (3.9).
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4 Analysis with Intermediaries

In this section, we analyze the full model economy with intermediaries. Intermediaries are
diversifiers, allowing households that invest in technology b to offload some of their id-
iosyncratic risk. The capacity of intermediaries to act as “diversifiers” depends on their
capitalization, and so it is not surprising that aggregate economic activity also depends on
intermediary capitalization. Since intermediaries are exposed (in a levered way) to the risk
of sector b, their wealth share moves over time, as different a-shocks and different b-shocks

hit the economy.

In the previous section, we considered the extreme polar case when intermediary capi-
talization is 0. In that case, in the money equilibrium, the value of money is high — it is
an attractive insurance vehicle for households invested in either of the two technologies. In
contrast, with a functioning intermediary sector, households that invest in technology b can
offload some of their idiosyncratic risk, so there is less demand for insurance vehicles. As a
result money is less attractive and so its real value is low. At the other end of the spectrum,
1; can, however, also be too high: When 7, is close to 1 there is too much focus on the sector

b good and so aggregate economic activity declines.

The rest of this section proceeds as follows. First, we provide a full characterization of

the equilibrium of our economy. Second, we conduct welfare analysis.

4.1 Equilibrium

The computational procedure we employ, both with and without monetary policy, is de-
scribed in Appendix A. Consider parameter values p = 0.05, A = 0.5 0* = o® = 0.1,
% =10.6,5°=1.2,5=0.8, (1) =log(kt + 1)/k with k = 2, and ¥ — 1.

We start by looking at the allocation of capital. The production of good b depends on
intermediaries, it increases in the net worth share of the intermediary sector n. When n drops,
the risk premia that intermediaries demand for equity stakes in projects of households in
sector b rise, to the point that the households may be willing to sell less than fraction y of
outside equity. See Figure 2.

Figure 3 shows the prices p(n) and ¢(n) of money and capital in equilibrium. At n = 0,
the values of p and ¢ converge to those under the benchmark without intermediaries, ¢ =

1.0532 and p = 3.4151. As n rises, the price of capital rises and the price of money drops
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Figure 2: Equilibrium allocations.

(although the price of capital drops again near n = 1). Money becomes less valuable as 7
rises mainly because intermediaries create money. The inside money on the liabilities sides
of the intermediaries’ balance sheets is a perfect substitute to outside money.

The Volatility of n, Liquidity and Disinflationary Spirals. Figure 4 illustrates
the equilibrium dynamics through the drift and volatility of the state variable n. From

Proposition 2,

Ty
o = x,(0"1" — %) +0o? (1 —1T g > (4.1)
S——— - Ut
fundamental volatility ~~ d
amplification

Variable 7; has volatility for two reasons: from the mismatch between the fundamental risk
of assets that intermediaries hold, o®dZ?, and the overall fundamental risk in the economy
ol dZ; and from amplification. Amplification results from the changes in the price of money
relative to capital, ¥(n;). As long as the intermediaries’ portfolio share of households’ equity
x; is greater than 1 — ¢, the world capital share, and as long as ¢'(n) < 0, amplification
exists.

Note that ¢? = (1 — 9;)(0of — of). Amplification arises from two spirals: changes in
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Figure 3: Equilibrium prices of capital and money.

the price of capital ¢, i.e. the liquidity spiral, and changes in the value of money p;, the
disinflationary spiral. In the region where intermediaries are undercapitalized (i.e. 7 is
low), negative shocks are amplified both on through the asset sides of intermediary balance
sheets, as the price of physical capital ¢(n) drops following a negative shock, and through
the liabilities, through the Fisher disinflationary spiral, as the value of money p(n) rises.
These effects can be seen for n € (0,0.1) in Figure 3. Both effects impair the intermediaries’
net worth. Intermediaries’ response to these losses is to shrink their balance sheets, leading
to fire-sales (lowering the price ¢) and reduction in inside money (increasing the value of
liabilities p). In other words, intermediaries take fewer deposits, create less inside money,
and the money multiplier collapses.!? This again reduces their net worth, and so on.

This feedback effect leads to a geometric series, which can be summed up by rewriting
equation (4.1) as

xy (01 — o)
I+ 139,((,%) (fﬁ?;t - 77t>

Amplification becomes greater as (1) becomes more negative, and as intermediary leverage

g

x; rises. How large can amplification be in this model?

10Tn reality, rather than turning savers away, financial intermediaries might still issue demand deposits
and simply park the proceeds with the central bank as excess reserves.
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Figure 4 shows both the fundamental portion of the volatility of 7, and total volatility
that includes the effects of amplification. Amplification becomes prominent when inter-
mediaries are undercapitalized. While the left panel illustrates dynamics for our baseline
parameters, the right panel reduces fundamental risk parameters to o, = o, = 0.03. The
right panel illustrates the volatility paradox: endogenous risk persists due to amplification
even as fundamental risk declines. We see that the maximal volatility of n below the steady
state stays roughly constant as fundamental risk declines, i.e. amplification in this model

can be very large.
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Figure 4: Equilibrium dynamics.

Drift of n. The drift of 1, is given by
pin =n(1—n) (P = @7+ (6°)) +mlwy + o)) o} (4.2)

The first term captures the relative risk premia that intermediaries and households earn on
their portfolios relative to money. As intermediaries become undercapitalized, the price of
and return from producing good b rises, leading intermediaries to take on more risk. The
opposite happens when intermediaries are overcapitalized - then the price of good a and the
households’ rate of earnings rises. The stochastic steady state of n; is the point where the

drift of 7, equals zero - at that point the earnings rates of intermediaries and households
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balance each other out. See the left panel of Figure 4.

4.2 Inefficiencies and Welfare

In this section, we calculate welfare in our model. Before we proceed, let us briefly describe
the sources of inefficiency. In the process, we would like to emphasize relevant trade-offs
with the intention of preparing ground for thinking about policy. First, there is inefficient
sharing of idiosyncratic risk. Some of it can be mitigated through the use of intermediaries
who can hold equity of households producing good b and diversify some of idiosyncratic risk.
Consequently, cycles that can cause intermediaries to be undercapitalized can be harmful.
Inefficiencies connected with idiosyncratic risks are also mitigated with the use of money -
both inside and outside. Money allows households to diversify their wealth, but high value
of money results in lower price of capital and potential inefficiency due to underinvestment.

Second, there is inefficient sharing of aggregate risk, which can cause whole sectors to
become undercapitalized, e.g. intermediaries. If intermediaries become undercapitalized,
barriers to entry into the intermediary sector help the intermediaries: the price of good b rises
when 7, is low, mitigating the intermediaries risk exposures and allowing the intermediaries
to recapitalize themselves. Thus, the limited competition in the intermediary sector creates
a terms-of-trade hedge, which depends on the extent to which intermediaries cut back the
financing of households in sector b, the extent to which those households are willing to
self-finance, and the substitutability s among the intermediate goods.

Finally, there is productive inefficiency: when intermediaries or households are undercap-
italized, then production may be inefficiently skewed towards good a or good b. Even at the
steady state production can be inefficient due to financial frictions, e.g. imperfect sharing of
idiosyncratic risks.

To understand the cumulative effect of all these inefficiencies, one needs a proper welfare
measure. Welfare analysis is complicated by heterogeneity. We cannot focus on a repre-
sentative household, since different households are exposed to different idiosyncratic risks.

Some households become richer, while others become poorer.

Welfare Calculation. Recall that, according to Proposition 3, for a general wealth
process welfare is given by (3.6). We will use this expression to calculate the welfare of
intermediaries, households, as well as a fictitious “representative agent” who consumes a fixed
portion of aggregate output. Intermediaries and households are the focus of our analysis,

while the representative agent is a useful auxiliary construct.
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Proposition 6. Welfare of a representative agent with net worth is given by log(pn.)/p +
U®R(n;), where

1 o0 (1) — 6 K2
Uf(n) = —MH& U e#(s=0) (log(Ps+qs)+ (L/)) Al ) ds}. (4.3)
t

Proof. See Appendix. m

Besides being an interesting benchmark, as a welfare measure that excludes the effects
of idiosyncratic risk, measure (4.3) can be adjusted to quantify the welfare of intermediaries
and households.

Proposition 7. The welfare of an intermediary with wealth n! islog(pnl)/p+U%(n;), where

1 [e.e]
Ul(n,) = UR(n) — % + E, [/ e P log(n;) ds} : (4.4)
t
The welfare of a household with net worth nf is log(pnf)/p + U™ (n), where
U () = U (o) + (4.5)

1 e 5 o?|> = (x2)?(|ve? + &2
S| [T (e 4 02 - it B EEEE ) g
t

To actually compute intermediary and household welfare, it suffices to note that all
included quantities are functions of the single state variable 7;, and that in general

| 2

o = | [yt as| = pata) =) + /oyt + LOPE

The actual computation of welfare levels thus merely requires us to solve an ordinary

differential equation.

Welfare in equilibrium and preliminary thoughts on policy. Figure 5 shows
welfare for parameter values we described at the beginning of this section, for an econ-
omy with Ky normalized to 1. The welfare of a representative intermediary is given by
log(pno)/p + Ut (no) = log(pno(po + q0))/p + Ut (no). The welfare of a representative house-
hold is log(p(1 = n0)(po + q0))/p + U™ (o).
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The welfare of each agent type tends to increase in its wealth share, but only to a
certain point. At the extreme, one class of agents becomes so severely undercapitalized that
productive inefficiency makes everybody worse off. At those extremes redistribution towards

the undercapitalized sector would be Pareto improving.
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Figure 5: Equilibrium welfare.

In the next section we discuss policy. Our primary focus is monetary policy, but we
also look at combinations of monetary and macroprudential policies. Before proceeding,
let us reiterate the inefficiencies present in our model, and discuss how policies may affect
these inefficiencies. First, as in the benchmark without intermediaries, the value of money
affects welfare - higher value of money helps hedge idiosyncratic risk but creates investment
distortions. Of course, monetary policy alone affects the value of money is only endogenously,
while macroprudential policy can influence the value of money directly. Second, there are
inefficiencies with respect to the sharing of aggregate risk - inefficiencies accompanied by
production and investment distortions when one of the sectors is undercapitalized. Monetary

policy can redistribute risk, and so it can help in this regard. Also, with monetary policy
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alone, risk premia, which determine earnings, are determined by the concentration of risk.
Thus, monetary policy cannot be used to target risk premia separately from risk taking.
In contrast, macroprudential policy, through its control of quantities, can affect risk premia

independently of risk-taking.

5 Monetary and Macro-prudential Policy

Policy has the potential to mitigate some of the inefficiencies that arise in equilibrium. It can
undo some of the endogenous risk by redistributing wealth towards compromised sectors. It
can control the path of deleveraging in crisis times and prevent the build-up of systemic risk
in booms.

In general, policy is a broad notion, so it is important to make several distinctions.
One is the distinction between ex-post and ez-ante policy. There are important questions
related to crisis management - what are the effective ways to recover if the initial state is in
crisis. Traditional analysis, which applies policy after an unanticipated shock that pushes the
system away from the steady state, is ex-post as ex-ante agents do not anticipate the shock
or the policy. In our setting, ex-post monetary policy operates by redistributing wealth - a
“helicopter drop” of money has real effects only to the extent that it affects the value of 7.
In contrast, nominal effects are determined by the value of n as well as change in the money
supply. A drop to intermediaries has different effects from a drop to households, both in
nominal and real terms, even if the increase in money supply is the same, because the effects
on 7 are different.

Ex-post monetary policy can be thought of as redistributing risk by affecting the values of
assets directly controlled by the policy. For example, monetary policy can provide insurance
by making certain assets, such as bonds, appreciate in value at times when intermediaries
become undercapitalized. We focus in this paper mostly on ex-post policy.

While monetary policy affects risk profiles of assets, asset allocation, risk taking and risk
premia remain endogenous. For example, monetary policy that becomes accommodative in
downturns can improve aggregate risk sharing and stabilize the price of money by making in-
termediaries more functional in downturns, but it has side effects. Intermediary leverage rises
in booms, as intermediaries anticipate insurance, and the value of money drops, as states of
the “flight to safety” - where households demand money for self insurance because insurance
through intermediaries is too expensive - become less likely. In contrast, macroprudential

policy can affect risk-taking independently of risk profiles of assets. This has broad potential
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implications. For example, in a broader class of models where loose monetary policy can lead
to inflated asset prices and stimulate the formation of bubbles, macroprudential policy can
work against these effects. In our model specifically, monetary policy that provides insurance
to intermediaries can lead to a shortage of money, and macroprudential policy that boosts
the value of money can be beneficial, as it allows households to better self-insure against
idiosyncratic risk. Thus, the effects of macroprudential policy that we discussed in Section
3.2 in the context without intermediaries extend in general.

Finally, from the point of view of the dual objective of central banks of maintaining price
stability and financial stability, it is interesting to observe not only real, but also nominal
effects of monetary policy. Different policies that have the same real effects can have different
nominal implications. However, generally there is a strong force that the lack of financial
stability poses a threat to price stability, as we saw in the context of the disinflationary spiral

in the baseline model.

To commence discussing policy, we extend the baseline model to allow the central bank
to control money supply. Specifically, we allow the central bank to set the short-term interest
rate ¢; on money. For example, outside money as reserves held by the intermediary sector
with the central bank. The central bank pays the interest rate simply by “printing money.”

The following proposition demonstrates that this alone has no real effects on the economy;,
because intermediaries simply pass on the interest earned on reserves to depositors. Policy
has real effects only if there are other assets, e.g. long-term bonds, whose values are affected

by interest rate policy.

Proposition 8. (Super-Neutrality of Money) If the central bank allows the nominal supply
of outside money to grow at rate i; by paying interest to holders of outside money, then the
analysis of Section 4 is unaffected. That is, the law of motion of n;, all real returns and asset

allocation remain unchanged.

Proof. 1f the outstanding nominal supply of outside money is M, units at time ¢, then

d M,

t

Given the value of outside of p; K}, the return on outside money is given by d(p:K3)/(peKy).
Inside money has to earn the same return as outside money - otherwise intermediaries can
earn infinite profit by borrowing inside money and investing in outside money/reserves.

Hence, all equations that characterize equilibrium in Section 4 remain unchanged, and since
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none of those equations contain the nominal interest rate i;, interest rate policy has no real
effects. ]

While the interest rate policy alone has no real effects, it does affect inflation. Indeed,

from the basic Fisher equation,*!
drM =i, dt — dr,.

Since i; does not affect the return on money dr, a rise in the interest rate leads to an

identical rise in inflation.

5.1 Introducing Nominal Long-term Bonds

We now extend the model to allow for a realistic monetary policy with redistributive effects
that matter for real quantities. Specifically, we introduce nominal perpetual bonds, which
pay a fixed interest rate i® in money. The monetary authority sets the total outstanding
quantity of these bonds L; through open market operations (quantitative easing, or QE in
short). We restrict both interest-rate and QE policies to be revenue neutral — the monetary
authority pays interest and/or performs QE in a way that has no fiscal implications. In other
words, the central bank does not alter its seignorage income when changing its monetary
policy.

If B, is the price in money of long-term bonds, per unit of interest, then the quantities
of outstanding long-term bonds and money are affected by interest rate and QE policies as

follows. We have
dM, = i,M, dt +i®L, dt — (i’ B,) dL,.

That is, the outstanding nominal quantity of money is enhanced by “printing” to pay interest

on money and long-term bonds, and decreases when long-term bonds are sold for money.

Analytically, rather than counting the number of nominal bounds outstanding, it is useful
to work with real values of outstanding bonds and money. Denote by p,K; the real value
of all outstanding nominal assets, outside money and perpetual bonds, and by b, K; the real

value of all outstanding perpetual bonds, so that

by iBB,L,
Dt ~iBB.Ly+ M,

H'We write dr instead of 7 dt because the return on money dr has a Brownian component.
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since the ratio must be the same regardless of whether quantities are measured in real or
nominal terms. The central bank controls the pair (i;, L;), or, equivalently, the pair (i;, b;)
since the relationship between L; and b; is one-to-one given the equilibrium bond price B;.

Given the nominal money supply M, and the real value of money (p;, — b;) K;, the price

level is given by
M, _ i B, L, + M, (5.1)
(pe — be) Ky Pk .

Returns. The expressions for the return on capital from Section 2 do not change,
but money earns the return that depends on policy. To derive the returns on money and
bonds and the asset-pricing condition for bonds, we postulate that B; follows the following

endogenous equilibrium process

dB
—t =P dt+ (o) dz,. (5.2)

B,
When intermediaries hold bonds, using them as a hedge against their net worth risk,
then the difference between expected returns on bonds dr? and money dr can be priced

according to

E,[drp —drM
e (oo, o = o o+ alol, 53

where of is the incremental risk of bonds over money and z? is the intermediary portfolio
weight on bonds.

The return on the world portfolio of bonds and money is

d(p: K, b b

dp k) _ (D(ee) = 6+ b + (o)) o) dt + (o + D) dZy = — drf — (1 — —t) dr?,

peiy bt bt

b:/p: and 1 — b;/p; are the portfolio weights on bonds and money. Using (5.3), we find that
the return and risk of money, which enters the capital-pricing equations (2.10) and (2.11) as

well as the expressions for v and 1, are given by

dr} = (®(v) — 6 + i + (oF)"of) dt — %(atB)Taiv dt + (O’tK + o — %Uf) dZ;. (5.4)
¢ ¢
A,

Ot

In all policies we compute as examples, bonds are negatively correlated to the risk that

intermediaries face and intermediaries hold all the bonds using them as a hedge. Then
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the intermediaries’ portfolio weight on bonds is 2 = 9;/n; b;/p;. For this to be the case,

intermediaries must value the insurance that bonds provide the most, i.e.

(Jf)TcriV < (UF)T (JtM + xty), (Jf)T (O’i\/[ + xfuf) )
~— ~—

Na Nb
Tt Ot

In general, however, households who use technology b may also choose to hold bonds, but to
a lesser extent. All the formulas can be easily generalized to the case when some households
hold bonds.

The law of motion of 7, has to be adjusted for the hedge that the intermediaries receive

from bonds. The following proposition provides the relevant expression.
Proposition 9. The equilibrium law of motion of n; is given by

d ~a
% = (=) (|l + 270 = (@) (|01 + (6)%)) dt+ (5.5)

(ze) + 07 + (1 — nt)xfaf)T (dZ + (o) — o) dt).

Proof. See Appendix. O

We see that the real impact of policy on equilibrium is fully summarized by the risk
transfer term (b;/p;)of, since this term alone enters all the equilibrium conditions. We

summarize this result in a proposition.

Proposition 10. The real effect of monetary policy on equilibrium is fully summarized by

the process (by/ps)ol.

Of course, the values of (b;/p;)of depend on the policy (i, b;), and we characterize the
relationship in Proposition 14 in the Appendix. Since two tools determine a single process,
there are multiple ways to produce the same real effect on equilibrium dynamics, although
of course different policies can have different nominal effects. We study the impact of policy
on equilibrium next. In particular, we highlight that while monetary policy can provide

insurance, it cannot control risk from risk-taking and risk premia separately.

Mitigated Liquidity and Disinflationary Spiral. Let us consider policies that set

the short-term interest rate i; as well as the level of b, as functions of 7, lowering the interest
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rate i; when 7; drops. Then the bond price risk o exactly opposite from the risk exposure

of intermediaries 0°1° — oX or o7. Intermediaries can use bonds as a hedge. Monetary policy
can be used implement more efficient sharing of aggregate risk, e.g. undo endogenous risk.

Using (5.5), 22 = (¥¢/n:)b:/p: and Ito’s lemma, the volatility of 7;, which can be re-

written as - .
1° —
e (T~} | >0
1 — ) — — 1— )0
—|—\19(77) (Vexe Uti e B(n) (e + ( un ti
ampliﬁca;i,on spirals mitié;tion

The numerator reflects the incremental risk of technology b relative to average risk in the
economy multiplied by the intermediaries’ exposure to this risk (i.e. portfolio weight x).
If the relative prices of money, capital and bonds were fully stable, then the volatility of
n; would equal x;(0?1® — ¢&). The denominator of (5.6) contains a term that reflects the
amplification of aggregate risk: ¥'(n) < 0 when, following a drop in 7, the price of money
p¢ rises relative to the price of capital ¢;. The denominator also contains a mitigating term
as bonds appreciate when 7, falls. As the mitigating effect —(b,/p;) B'(n)/B(n) rises, o”
declines and goes to 0 in the limit (i.e. the law of motion of 7 becomes deterministic).
Prices of bonds relative to money also affect the incremental risk that agents face when

they add exposure to capital b, given by

Y
o by
vy = Jala—otK— L B

0'19 bt
5 ITtUt and Vf:ablb—af—l_tﬂ—i-;taf (5.7)

In this equation —a? /(1 — 99) reflects the nominal price of capital, positively correlated

to 1°0® — o, which adds to the risk that intermediaries face. In contrast, bonds stabilize
b
P
In the following section, we provide an example that illustrates the risk transfer effects of

the value of money, and hence the term 20P mitigates the risk that intermediaries face.

monetary policy by focusing on the mitigating term in (5.6). The one-dimensional function

[~

(n) B'(n

p(n) B(n)

~—

~—

of 7 summarizes the effects of two policy tools ¢; and b;, with which any such function can
be implemented in multiple ways.
Which policy is most natural to focus on, out of the many possibilities? In the next

subsection we illustrate a policy that completely removes amplification in the law of motion



of n:, so that (5.6) becomes reduced to

of = x,(c"1° — o). (5.8)
This effect is achieved by setting b;/p; o2 appropriately. As a result, endogenous risk in 2/ is
offset partially, so that the remaining endogenous risk of capital holdings on the asset sides
of intermediary balance sheets is exactly offset by the hedge that the bonds provide.

We also discuss the theoretical possibility of what happens in the limit when monetary
policy allows for perfect sharing of aggregate risk. It is natural to ask the question of optimal
welfare that can be attained with monetary policy alone. We do not provide an answer to
this question under the excuse that welfare can be significantly improved if monetary policy
is used in combination with macroprudential policy. The reason is that monetary policy
cannot control risk separately from risk taking. We discuss optimal macroprudential policy
at the end of this section. While we do not want the prescriptions to be taken literally, as our
model is still too stylized, we learn valuable lessons about avenues in which macrorpudential

policy can operate to improve welfare.

5.2 An Example: Removing Amplification

q, with policy

q, without policy ‘\

p, without policy

0.8

06\

0.4 -~ _ \
———————————————————

p, with policy
0.2 B

n

Figure 6: Equilibrium prices of capital and money without policy (solid) and with (dashed).
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Consider a policy that sets b;/p; o to remove amplification from the law of motion of 7,
so that the volatility of n; is given by (5.8). Here we illustrate what this policy does to our
numerical example of Section 4, i.e. for parameter values p = 0.05, A = 0.5 0% = 0% = 0.1,
%= 0.6, 6° = 1.2, s = 0.8, ®(¢) = log(kt + 1)/k with £ = 2, and ¥ — 1. Figure 6 shows
the effect of policy on prices. The price of money falls since the intermediary sector creates
more inside money: it does not need to absorb as much aggregate risk to do that. As a
consequence, the price of capital rises - there is more demand for capital from the sector

producing good b. As Figure 7 illustrates, capital is shifted to sector b with policy.
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I o o
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allocation of capital to technology b
o
[6,]

<
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©
o
T
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o

o

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
n

Figure 7: Equilibrium allocations without policy (solid) and with (dashed).

Finally 8 shows the drift and volatility of n with and without policy. With policy, the
intermediary net worth is lower at the steady state. Consequently, their leverage is higher.

Ultimately, monetary policy affects the degree of market incompleteness with respect to
sharing of aggregate risk, but it cannot disentangle risk and risk-taking. The allocation of
capital, the value of money relative to capital, and earnings rates of sectors a and b as well

as intermediaries are endogenously determined by the risk profiles of available assets.
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Figure 8: Drift and volatility of n without policy (solid) and with (dashed).

5.3 Economy with Perfect Sharing of Aggregate Risk

If the mitigation term in (5.6) goes to infinity, then o — 0 and we obtain an economy with
perfect sharing of aggregate risk. Households in sector b also hold bonds to offset the risk
of technology b. This is exactly the outcome we would see if intermediaries and households

could trade contracts based on systemic risk, i.e. risk of the form
(o%1° — 0197 dz,.

In this case the aggregate risk exposures of all households and intermediaries is proportional
to oX, and n;, p; and ¢ have no volatility. Also, since intermediaries can trade aggregate
risk freely, households in sector b issue maximal equity shares Y to intermediaries.

The following proposition characterizes the function ¥(n) through a first-order differential

equation, together with v, household leverage x¢ and ¥, price ¢; and the dynamics of 7.

Proposition 11. The function ¥(n) satisfies the first-order differential equation

), (5.9)




where
pi = —(1=n)(a))*(@")?,  p =p+pu,

and 1y, ¢, 2% and q; satisfy

q v 5-(1 1_ a~a ~
AW) = ulqr) = 1p_i9t> (1—X)¢t+(1—¢t)§=l‘f1_—gi, oy :xfab and

A(4hy) — A*(¢y)
qt

= Ui(0")? = (1= ¥)(0")* + (1 = X) 2,5} — 2}5.

Proof. See Appendix.
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Figure 9: Comparison on the degree of aggregate risk sharing.

(5.10)

(5.11)

(5.12)

Figure 9 compares prices, allocations and dynamics in the baseline model, under policy
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that eliminates endogenous risk, and with perfect risk sharing, in an economy with param-
eters p = 5%, A = 0.5, 0 = 0® = 0.1, 5* = 0.8, 6* = 1.2, s = 0.8, ®(1) = log(ke + 1)/k
with x = 2, and xy — 1. Equilibrium moves further in the direction that it took with the
application of policy that removes endogenous risk. Specifically, the value of money falls, the
allocation of capital becomes more skewed to technology b that intermediaries can facilitate,
the steady state of 1, goes to 0 since intermediaries can fully hedge risks, and the volatility
of 1, becomes 0.

Qualitatively, what makes perfect aggregate risk sharing different is the fact that the
boundary condition without intermediaries no longer plays a role at n = 0. The absence
of crisis dynamics contributes to the significant is the drop in the relative value of money
9(n).'2 Also, leverage of intermediaries rises without bound approaching 7 = 0 - in normal
circumstances this would be impossible due to the rise of endogenous risk, since endogenous
risk is generated by the increase in leverage even in environment when exogenous shocks are
small (but not zero).

It is important to highlight one more time the observation that monetary policy cannot
provide insurance and control risk-taking at the same time. Leverage rises endogenously the
more risk sharing becomes possible. Asset allocation, together with asset prices and risk
premia, are also endogenous and dependent on the insurance that monetary policy provides.
Hence, the value of money 9 falls with perfect risk sharing, which may be detrimental to
welfare as we observed in the model without intermediaries.

These links, which cannot be broken without macroprudential policy, have implications
beyond the stylized elements of our model. In particular, loose monetary policy can lead to
excessive leverage in some sectors, reduced risk premia and, consequently, bubbles in some
asset classes. These can pose significant threat to financial stability. Also, with incomplete
markets, improving risk sharing along some dimensions does not necessarily lead to higher

welfare.

5.4 Welfare

Proposition 7 extends to the calculation of welfare under policy as follows.

Proposition 12. The welfare of an intermediary with wealth nl is log(pnl)/p + Ul (ny),
where Ul (n,) is given by (4.5) taking into account the law of motion of n; under policy. The

12Tn fact, we raised the idiosyncratic volatility of good b to 0.8 in this example, because otherwise money
in the equilibrium with perfect aggregate risk sharing would be worthless.
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welfare of a household with net worth nf is given by log(pni®)/p+ U (n), with U™ (n) given
by a generalized version of (4.5),

U™ () = U (my)+ (5.13)
1 [e'¢) $B B __ 192_1.a2ya2+~2
;Et [/ e Pte) (775 (@ (|vel? 4 62) — |zl + 2Pl 1) + ns o = 04| 2( ) (] U“)) ds} .
t
Proof. See Appendix. n
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Figure 10: Welfare for different degrees of aggregate risk sharing.

Figure 10 shows the welfare frontiers that are attainable in equilibrium with various
amounts of aggregate risk sharing. Better sharing of aggregate risk improves the welfare
of households. For the policy that removes endogenous risk, household welfare reaches a
higher level before the “back-bending” portion in the lower right corner, which corresponds
to the crisis region where intermediaries are undercapitalized and a simple transfer from
intermediaries to households is Pareto improving. Under perfect risk sharing, household

welfare is higher only slightly relative to the policy that just removes aggregate risk.
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In contrast, intermediary welfare goes down due to the fact that risk premia, which drive
intermediary earnings in this model, become lower with greater risk sharing. Better sharing
of aggregate risk reduce costs of intermediation, which reduce intermediary profits here due
to perfect competition among intermediaries. Of course, in reality this may not be the case,
depending on the degree of competition in the intermediary sector.!® If we imagine that
agents can self-select whether to become households or intermediaries, then monetary policy
that allows for better sharing of aggregate risk can lead to a smaller and more efficient

intermediary sector, and a welfare improvement.

5.5 Optimal Macroprudential Policy.

Macroprudential policies can achieve significantly higher welfare. Macroprudential policies
can control quantities and affect the allocation of resources independently of the allocation
of risk.

Here we study the theoretical limit that can be attained when markets for sharing of
aggregate risk are open and the policy maker can control the asset allocation, portfolios and
returns. The regulator cannot, however, control consumption or investment.

One question that comes up immediately is whether the policy maker should control the
allocation of resources between sectors a and b by forcing some households specialize in either

of these two sectors against their will. The following proposition shows that this is not so.

Proposition 13. To mazimize welfare, the policy maker must expose households in sectors a
and b to the same amounts of idiosyncratic risk. It is also welfare-mazimizing for households
in the two sectors to earn the same expected returns, and with this, households are indifferent

between specializing in sectors a and b.

Proof. Fix the allocation 1); of capital to technology b and the total earnings of the household

sector, so that the aggregate net worth of households N follows
ANE /NI =y dt + (e dZ,.

For these fixed vy and p, consider the problem of choosing the net worth of households in
each sector, such that N + N? = NH wealth accumulation in each sector u¢ and ! such
that

pi N = i N7+ iy Ny,

13Higher competition may not be desirable from a policy perspective, as it leads to greater risk-taking by
intermediaries.
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to maximize average household welfare. Then leverage 2% and 2% in each sector is given by
Niap = (1=4)(1—=9;) and Ny = (1= 05)(1 = x),

since households in sector b must issue the maximal amount of outside equity to minimize
idiosyncratic risk exposure.
The effect of these choices on the average welfare of households in sectors a and b, from

(3.6), is proportional to

xa25.2+0.K2 $b25'2+O'K2
Nta<lug_<t>(z |t|>—|—Ntb(M?—(t)b |t|):

2 2
NH (i oF 1P\ (A=) =9)%oe (1 =91 - x))*a;
EAT 2 2N 2(NH — N#) ‘
The first-order condition with respect to N/ is
_ (A=) =) (1 —0)(1 = X))*5; 252 _ (22
0= 2(Nta)2 Q(NtH o Nta)2 = (xt> Ogq = (xt) Op -

Thus, the policy maker should expose households in the two sectors to the same amounts
of idiosyncratic risk. Notice also that pu? = pu? = uff maximizes household welfare, and with
this, households are indifferent between specializing in sectors a and b at any moment of

time. 14 O

Furthermore, notice that the welfare of intermediaries is given by log(pno(po+qo0)Ko)/p+
Ul(no), where Ul(ny) is (4.4), whereas the welfare of a hypothetical agent who consumes a

portion of total household net worth is

log(p(po + qo) Ko
p

)+ UR() + By [ /0 e log(1— ) dt] . (5.14)

Accounting for idiosyncratic risk, the welfare of each household is that minus

Ey

2p (1 —mn)?

/°° (1= )% + (1 — X)d?)* (1 — 0,)? dt]

1Gtrictly speaking, any other distribution of returns is also welfare maximizing, since average return is
always pff by the law of large numbers when the household spends a fraction N2/N/ of time in sector a
and N?/NH in sector b.
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since the households’ idiosyncratic risk exposure is

1—v,
1_771&.

{6 = 26" = (1 = )5 + (1 — X)¥rd")

Hence the problem of maximizing welfare, with weights A and 1 — A on intermediaries and

households, reduces static problems of choosing 7;, ¥; and ¢; to maximize

log(A(vp) — 1¢) +

+Alog(n) + (1 — A) <10g(1 —m) +

2p (1 —mn)?
where
) A -
v =u(q), ]Uf{|2 = fa§+ (1 —wt)%g, and U, = 9 with p;+¢q = M
Pt + Gt p

Notice that the problem is separable across time points, and results in the identical values
of n;, 1, and ¢, for all times ¢.15

This policy can be implemented by imposing these portfolio weight constraints on house-
holds, in addition to taxes/subsidies on goods a and b to achieve an appropriate allocation
1¢. The regulator does not need to control the households’ choice between sectors a and b
or the market for aggregate risk. Figure 11 illustrates the Pareto frontier for intermediaries’
and households’ welfare that can be obtained under optimal macroprudential policy. Welfare
is significantly improved relative to Figure 10 that illustrates monetary policy alone.

We obtain an extreme policy which is not very realistic, but, nevertheless, the exercise
leads to important takeaways. Monetary policy can alter the risk profile of assets and pro-
vide natural hedges in incomplete markets, but it cannot control risk taking/risk premia
separately from risk itself. In our model, while monetary policy improves the sharing of
aggregate risk, it stimulates the price of capital relative to money so that households are

overexposed to idiosyncratic risk. As intermediaries are less likely to become undercapital-

15The reader may be wondering why 7, is constant over time, even though households face idiosyncratic
risk while intermediaries do not. Since average marginal utility of households rises relative to that of inter-
mediaries, due to idiosyncratic risk, it is tempting to conjecture that the planner must raise the households’
wealth share over time. However, notice that any redistribution towards households, such as that imple-
mented by raising the households’ share of return, has to be proportional to individual households’ wealth.
As a result, households with higher marginal utility receive a smaller share of wealth redistribution, and it
is this effect that prevents redistribution of this sort from raising welfare.
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Figure 11: Monetary and Macruprudential Policy.

ized, they provide better insurance to households to offset idiosyncratic risk as the supply of
inside money rises. It seems like households should become better-insured, but they are not
as the value of outside money falls. Macroprudential policy, which limits the households’
portfolio weights on capital is welfare improving, because it reduces the households’ exposure
to idiosyncratic risk. The cost of this insurance is investment distortion, as we discussed in
the Section 3 without intermediaries.

Going beyond our model, we can make the following more realistic interpretations. Mon-
etary policy can provide some insurance to the economy, but it is a crude redistributive tool
that can only target some of the aggregate risks. Individual portfolio choices are completely
endogenous with monetary policy alone, and loose monetary policy can easily be accom-
panied by the excessive leverage, bubbles in prices in some asset classes, and overexposure
to risk of these assets on individual level. This can create motivation for macroprudential
tools that control households portfolio choices, such as loan-to-value ratios for household
borrowing against some of the assets. These tools push down the prices of these assets, and

reduce idiosyncratic risk exposure at individual level.
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6 Materials from Old Policy Discussion.

Policies affect the equilibrium in a number of ways, and can have unintended consequences.
Interesting questions include: What is the effect on equilibrium leverage? Does policy create
moral hazard? Does policy lead to inflated asset prices in booms? What happens to endoge-
nous risk? How does the policy affect the frequency of crises, i.e. episodes characterized by
resource misallocation and loss of productivity?

We focus on several monetary policies in this section. These policies can be divided in
several categories. Traditional monetary policy sets the short-term interest rate. It affects
the yield curve through the expectation of future interest rates, as well as through the
expected path of the economy, accounting for the supply and demand of credit, and risk
premia. When the zero lower bound for the short-term policy rate becomes a constraint,
forward guidance is an additional policy tool employed in practice. The use of this tool
depends on central bank’s credibility, as it ties the central bank’s hands in the future and
leaves it less room for discretion. In this paper we assume that the central bank can perfectly
commit to contingent future monetary policy and hence the interest rate policy incorporates
some state-contingent forward guidance.

Several non-conventional policies have also been employed. The central bank can directly
purchases assets to support prices or affect the shape of the yield curve. The central bank can
lend to financial institutions, and choose acceptable collateral as well as margin requirements
and interest rates. Some of these programs work by transferring tail risk to the central bank,
as it suffers losses (and consequently redistributes them to other agents) in the event that
the value of collateral becomes insufficient and the counterparty defaults. Other policies
include direct equity infusions into troubled institutions. Monetary policy tools are closely
linked to macroprudential tools, which involve capital requirements and loan-to-value ratios.

The classic “helicopter drop of money” has in reality a strong fiscal component as money
is typically paid out via a tax rebate. Importantly, the helicopter drop also has redistribu-
tive effects. As the money supply expands, the nominal liability of financial intermediaries
and hence the household’s nominal savings are diluted. The redistributive effects are even
stronger if the additional money supply is not equally distributed among the population but
targeted to specific impaired (sub)sectors in the economy.

Instead of analyzing fiscal policy, we focus this paper on conventional and non-conventional
monetary policy. For example, a change in the short-term policy interest rate redistributes

wealth through the prices of nominal long-term assets. The redistributive effects of monetary

43



policy depend on who holds these assets.!6 In turn, asset allocation depends on the antic-
ipation of future policy, as well as the demand for insurance. Specifically, we introduce a
perpetual long-term bond, and allow the monetary authority to both set the interest rate on
short-term money, and affect the composition of outstanding government liabilities (money

and long-term bonds) through open-market operations.

6.1 Introducing Interest Bearing Reserves/Outside Money

So far, outside money — which we can think of as reserves held by the intermediary sector —
did not pay any nominal interest rate, and the total supply of outside money was fixed.

In this section, we will allow for more general monetary policies. Let M; denote the total
supply of outside money. In general, dM;/M; can follow any stochastic process which may
include possible jumps.

For most part of this paper, we assume that the central bank “prints” new outside
money simply to pay the interest on existing stock of outside money, i.e. dM;/M; = di,.
This assumes that newly printed money is distributed to existing holders of outside money
(reserves). Note that nowadays most advance-economy central banks, including the U.S.
Federal Reserve, pay (nominal) interest on reserves. Since intermediary sector is competitive
in our model, a higher interest rate on outside money is passed on to inside money holders
as well. Outside money and inside money remain to have the same return and risk profile.

Price flexibility ensures that any monetary policy rule leaves 7, unaffected in our simple
setting. However, monetary policy evidently does have an effect on inflation. The Fisher
equation, reveals that inflation has two components: a purely monetary component related
to the money supply growth rule, and a real component that reflects the various amplification

spirals discussed in the previous section (which one could coin “real inflation”).

dM,
M,

N dTM _ th . d(pth)
! M, j e

dmy = diy — drM =

We summarize our results as follows.

We see that inflation has two components:

16Brunnermeier and Sannikov (2012) discuss the redistributive effects in a setting in which several sectors’
balance sheets can be impaired. Forward guidance not to increase the policy interest rate in the near future
has different implications than a further interest rate cut, since the former narrows the term spread while
the latter widens it.

44



Our super-neutrality result is relevant for the old money view vs. credit view debate.
The money view, which can be traced back to Friedman and Schwartz’s monetarism and
even to the work of Irving Fisher on the Great Depression, posits that replacing in times
of crisis the “missing inside money” with additional outside money suffices to stabilize the
economy. This result fails to hold in our model — distribution-neutral money printing re-
duces disinflation, but does nothing to change real allocations. Thus, in our model, simple
inflation targeting does not reduce any amplification spirals and so does not help stabilize
the economy. Also, within the set of money supply rules that we consider, the Friedman rule
has no special place. The Friedman rule recommends for settings in which money pays no
interest a deflation rate that equalizes the real return of money with the real risk-free rate.
In our setting with interest bearing reserves and flexible prices, the Friedman rule — just like
all the other money supply rules — has no real effects, and so certainly is not strictly optimal

within the restricted set of money supply growth rules.

The credit view, pushed primarily by Tobin, stresses the importance of restoring bank
lending, and so is more concerned with the asset side of intermediaries’ balance sheets. Mon-
etary policy that redistributes towards intermediaries can switch off amplification spirals and
so improve the risk-bearing capacity of the financial sector. More generally, a monetary pol-
icy that recapitalizes balance sheet-impaired sectors can help stabilize the economy and, in
fact, may well be welfare-improving. In practice, monetary authorities do not provide out-
right redistribution between sectors — this is the domain of fiscal policy. However, as we will
illustrate in the section, both conventional and unconventional monetary policy measures
(ranging from simple nominal interest rate movements to central bank purchases of long-
term assets) may well indirectly (“sneakily”) re-distribute wealth between sectors. In the

monetary policy can provide the desired stabilization — all in spite of complete price flexibility.

A couple of final remarks are in order. First, we need to emphasize that our negative
results regarding the money view apply to money supply policies specifically designed to
keep 7, fixed. As soon as the newly printed money is distributed in a way somehow different
from the existing money holdings or not passed on to inside money holders, wealth shares
are impacted, and so we have real implications. For example, the classic “helicopter drop
of money” would have redistributive effects. As the money supply expands, the nominal
liability of financial intermediaries and hence the household’s nominal savings are diluted.

The redistributive effects are even stronger if the additional money supply is not equally
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distributed among the population but targeted to specific impaired (sub)sectors in the econ-
omy. Thus, as soon as the newly printed money is distributed in a way somehow different
from the existing (outside and inside) money holdings, wealth shares are impacted, and so
we have real implications. We conclude that, for the money view to be revived in our model,
monetary intervention needs to take on an explicit redistributional dimension. This calls for
a richer modeling environment, which we will provide in the next section. Second, note that
our results are derived under the assumption of complete price flexibility. Our emphasis on
the credit view comes out naturally in a model with financial frictions but no price-setting
frictions. Of course, matters will look different in a model with price rigidity but no financial

frictions.

Interest rate policy. First consider interest rate policy — the conventional monetary
policy. To fix ideas, let us trace the implications of an interest rate cut. Cutting the short-
term rate on money means that the central bank pays less money on the existing outside
money stock. This then lowers the growth rate of outside money dM,;/M,. Since banking
is competitive, this decrease in interest paid on outside money is passed through one-to-one
to interest payment on inside money. The direct effect of this interest rate cut is, just as we
have seen above in the model without a long-term government bond, disinflationary.

Now, however, there is an important indirect effect: Since the long-term bond continues
to pay interest at a fixed nominal rate iZ, the price of the nominal bond relative to nom-
inal money increases. Furthermore, as we will see later, under standard monetary policy
specifications the perpetual bonds are held exclusively by the intermediaries. In short, inter-
mediaries are long perpetual bonds and short inside money. As the price of bonds relative
to the price of money rises, the intermediaries’ wealth share n increases. For a low 7 the
liquidity and disinflationary spirals are thus mitigated, so that overall the second indirect
effect of the rate cut is, in fact, inflationary. Algebraically, this can be seen in equation (6.1):
dM;/ M, falls — the direct effect — but d(—p;K})/p.K; rises — the indirect effect. Overall, for
the indirect effect to dominate, the response of bond prices needs to be sufficiently strong.
As we will see later, a sufficient statistic for this response is the elasticity i—%), where B
denotes the nominal price of a single long-term bond in terms of money. As long as the
central bank has perfect commitment power - its forward guidance is credible, this elasticity
can be made arbitrarily large. For example, if the central bank were to commit to set the
short-term interest rate to zero forever (say when 1 drops below a certain threshold) then
the relative price of the bond B, tends to infinity. Thus, around this threshold level the
elasticity is very high.
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These results relate to the recent debate on the interpretation of the Fisher equation
and, more broadly, the relationship between nominal interest rates and inflation. Do high
interest rates beget high or low inflation (and vice-versa for low interest rates)? In the
model without long-term bonds — like in all models in which money is superneutral —, for
simple money supply growth rules, high interest rates beget high inflation, consistent with
the recent, Fisher equation-based re-interpretation on the inflation/interest rate linkages.
Conversely, as soon as interest rate movements are associated with stabilizing changes in
wealth shares, the traditional short-run monetary policy view is restored. Interest rate cuts
that re-distribute towards the balance sheet-impaired financial sector stabilize the economy

and so tend to push up inflation.

Asset purchase programs/Quantitative Easing (QE). The implications of quanti-
tative easing for the evolution of total outside money are more subtle. Instantaneously, QE is
financed through money issuance, so central bank purchases of long-term bonds go together
with increases in (short-term) outside money. But since the public is then left with fewer
long-term bonds, total nominal interest payments over time are lower than before, pushing
down the rate of increase of outside money dM;/M,. At the same time, QE means that the
price of the remaining long-term bonds relative to money rises, so again intermediaries are
recapitalized. Thus the indirect inflationary effect of interest rate cuts is also present after
expansionary asset purchase programs.'” At first glance, one might think that households
could simply undo the central bank’s QE by adjusting their portfolio. Indeed, Wallace (1981)
derived this Modigliani-Miller type result: Under the assumption that all investors can in
theory purchase and short-sell arbitrary quantities of all assets at the given market prices,
QE has no real effects. In contrast, in our model, and consistent with reality, households
cannot issue long-term bonds, and so Wallace neutrality breaks down. Again, the strength

B'(n)

of these effects can be summarized via the sufficient statistic B

Since the elasticity %/—577) features prominently in the analysis of both policies, we will from

1"Tn reality, central bank asset purchases have not been restricted to long-term government bonds, but
also included risky private sector assets. In our model, this could mean risky claims held by the intermediary
sector. Whether or not such purchases would help stimulate our economy depends crucially on whether the
central bank can, just like intermediaries, provide a “diversification service”. If the central bank is as bad
as households in diversifying away idiosyncratic risk, then the asset purchases are ineffective. In contrast, if
the central bank is as good as the intermediary sector, then it should just take over. In reality, the truth is
likely to lie somewhere in between. We leave this extension for further research.
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now on merge the presentation of the two policy examples and, more abstractly, consider

the real price of bonds as a policy instrument.

To isolate the returns on money and bonds, consider a strategy that buys bonds to earn
drP by borrowing money, paying dr. We can find the payoff of this strategy by focusing

on the value of bonds in money. Using Ito’s lemma,

1
drf — drM = (E — i+ pP + (atB)Tang) dt + (/)" dZ,,
¢

where oM is the risk of money, which satisfies
b b
af(—l—afzaiw—i-jaf = a%zaf%—af—iof. (6.1)
t t

Thus, money earns the return of

Equilibrium Conditions. For expositional purposes, we focus on policies that set the
short-term interest rate i, and the value of bonds b; as functions of the state variable n;.
Then the price of bonds B; will also be a function of 7,. Consider for concreteness policies
that lead to a decreasing function B(n), which follows from policies that cut the short-term
interest rate when 7, is low, making bonds appreciate. Such a policy is designed to help
intermediaries transfer some of the aggregate risk to households - by borrowing money and
buying long-term bonds, intermediaries get a natural hedge that gives them insurance in
the event that 7, drops and the entire intermediary sector suffers losses. The appreciation
in bonds can offset partially other risks that the intermediaries face, including endogenous
risks driven by amplification. In the equations below, we assume that intermediaries hold
all long-term bonds as a hedge, and later verify that this is indeed the case.

To adjust for policy, we have to take into account that the risk of money, entering
the expressions for v, v?, 0¥ and o'’ is now given by (6.1). Furthermore, the risk of
intermediaries net worth, which has to be adjusted for the bonds they hold, now takes the
form

o = oM+ v +2PoP, where 2P = Vi by
Nt Pt
is the portfolio weight on bonds.

The asset pricing conditions for capital invested in technologies a and b take the same
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form (2.11) and (2.10), but with the adjusted values of v, 12, oY, oM and oM.
In addition, we have a new pricing condition for bonds,
1
= —itpy +(07) 0 = (07) o < (a) () +afn), (07)" (" + 2y).
— —

B,

Na Nb
Tt o

Note that B% — 4y is the nominal term spread. If the long-term bond is risk-free, i.e.

0B =0, then the term spread has to equal to the depreciation rate of the bond.

7 Conclusion

We consider an economy in which household entrepreneurs and intermediaries make invest-
ment decisions. Household entrepreneurs can invest only in a single real production tech-
nology at a time, while intermediaries have the expertise to invest in a number of projects.
In equilibrium intermediaries take advantage of their expertise to diversify across several
investment projects. They scale up their activity by issuing demand deposits, inside money.
Households hold this inside money in addition to outside money provided by the government.
Intermediaries are leveraged and assume liquidity mismatch. Intermediaries’ assets are long-
dated and have low market liquidity - after an adverse shock the price can drop - while their
debt financing is short-term. Endogenous risk emerges through amplification mechanism in
form of two spirals. First, the liquidity spiral: a shock to intermediaries causes them to
shrink balance sheets and “fire sale some of their assets”. This depresses the price of their
assets which induces further fire-sales and so on. Second, the disinflationary spiral: as inter-
mediaries shrink their balance sheet, they also create less inside money; such a shock leads
to a rising demand for outside money, i.e. disinflation. This disinflationary spiral amplifies
shocks, as it hurts borrowers who owe nominal debt. It works on the liabilities side of the
intermediary balance sheets, while the liquidity spiral that hurts the price of capital works on
the asset side. Importantly, in this economy the money multiplier, the ratio between inside
and outside money, is endogenous: it depends on the health of the intermediary sector.
Monetary policy can mitigate the adverse effects of both spirals in the presence of default-
free long-term government bonds. Conventional monetary policy changes the path of interest
rate earned on short-term money and consequently impacts the relative value of long-term
government bond and short-term money. For example, interest rate cuts in downturns that

are expected to persist for a while enable intermediaries to refinance their long-bond holding
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more cheaply. This recapitalizes institutions that hold these assets and and also increases
the (nominal) supply of the safe asset. The resulting reduction in endogenous risk leads
to welfare improvements. Of course, any policy that provides insurance against downturns
could potentially create moral hazard. Indeed, intermediaries take on higher leverage, but
more hazard is limited. The reason is that the “stealth recapitalization” through a persistent
interest rate cut not only recapitalizes institutions with high leverage because they funded
many real projects but also the ones which simply held long-term (default-free) Government
bonds. The finding that moral hazard is limited might change if one were to include inter-
mediaries with negative net worth. Including zombie banks is one fruitful direction to push

this line of research further.
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A Computing Equilibria: Numerical Details

In this section, we describe computation of equilibria in our model. Essentially, equilibrium
characterization reduces to a single second-order differential equation for ¥(n), which we refer
to as the “return equation,” but with a number of variables that have to satisfy a separate set
of equations, which we call “asset allocation” equations. In this appendix, we first describe
these equations without and with monetary policy, second, we break them down to simple

algebra, and last, we provide some essential details of numerics.

Without Policy. Let us collect the asset allocation equations - for seven variables p, ¢,
Y, z, 2%, % and x, we have six equations from (2.9), (2.12), (2.13), (2.14), (2.15), (2.16) and

an additional 7th equation

Ab(l/)) B Aa(¢) _ (A].)
4t

9
. N o
(1= x)zy (|77 * + (")) + xawe|v | = 2y ([ * + (6%)%) + (0°1" — o"1%)" (m + UK) ,
obtained by subtracting (2.10) from (2.11). These equations contain expressions that depend

on ¥(n) and ¥'(n),

a? o0
v =otlt =o'l —p— and 2= (1-¢)(0") 01—,
N~—— ——

ol—coP o9—gP

where, using Ito’s lemma and (2.17),

o = ﬁl(n)n\(x ((1 —)(6"1° — 0°1%) — 10_19?9> + 079) =

0(n) g
) ) () (0"~ 017) s
7 79(77)7] 1+%(¢X—n) ' (4.2

This expression captures endogenous risk, given the sensitivity of the price of money 9'(n) /9
relative to capital.
We obtain a convenient return equation by adding (2.10) and (2.11) with weights 1 — ¢
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and 1, to obtain'®

p=(1—n) (@) (| [* + (")) + mea | + i — |0, (A.3)

where we used the identity u” — [0 = (1 — ) (P — pd + (09 — oP)oP). Equation (A.3)

determines i, which we can use to find ¥”(n) using Ito’s lemma,

oo 1P0(n) — 0 (n)uin
V" (n) = IR (A.4)

This equation can be solved as a second-order ordinary differential equation using the “shoot-
ing method” - by starting at 79 ~ 0 near the autarky solution (i.e. the solution without
intermediaries), and choosing an initial slope 9'(rg) such that the resulting solution is non-
explosive and converges as n — 1.

An alternative “iterative” method of finding the equilibrium involves a partial differential
equation in time, solved backwards from a terminal condition ¥(n, T"). The iterative method
is attractive because it resembles the familiar discrete-time value function iteration, because
it readily extends to problems that contain a system of second-order differential equations for
several functions, and it avoids the analysis of explosive solutions that arise when employing
the shooting method.

Adding the time dimension, using Ito’s lemma, we obtain
o

5 Um(1,) = p"0(n, 1), (A.5)

De(n, 1) + Oy (n, )i +

In this equation, the time derivative 9;(n, t) is the key unknown, and we solve for ¥(n, t)

through a parabolic equation backward time on [0, T.

With Monetary Policy. Here we describe what happens when only intermediaries hold
bonds (either because only they can hold bonds, or because households in sector b, whose

aggregate risk exposure is similar to but less than that of intermediaries, have lower need

18We have
(1 —¢)Aa(¢) +1/)Ab(¢) — ¢ _’_ug _/Jf"‘ (th _ Jf)TUK —
q
D= X 0N+ 24(E) + ) o + (1= )((4) o + (6" =
B 2ot ) + Dl + e Pt + )+ (07 = ) T

Hence, using (2.9), (2.13), (2.14), (2.15) and (2.16), we obtain (A.3).
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for insurance than intermediaries).?

With policy we are still solving a second-order “return equation” for ¥(n) together with

a set of “asset allocation equations” for 7 additional variables, p, ¢, ¥, x, %, z° and x. Policy
affects the law of motion (5.5) of 7, so we have

9 b o? b
o =zt + o) + (1 —n)——=0cF, where 1’ =(1-v)(c"1"—01%) ——— + Lo,
t Vi P+ Ut)ntpt t L= ) )\1_19 s tJ
0"1—0'1’—1—%0'{3
Hence,

0 ayay _ V'(n) . b B'(n) B n
o = z(1 — ) ("1 — 6“1%) — 90) (Vexe — me)o + e B(n) (eme + (L =n)0) 0" =

n __ xt(l - ¢t)(0b1b B Uala) 9 19/(77) n B __ B/(Tl) n
e = ¥ (n) b B’(n) y  Op = 19( )770.157 0y =
L+ 565 (Waxe — me) — 2255 (@ + (1 —m)dy) n

By 7t

Otherwise, equations (2.9) through (2.16) remain valid, except that o and ¢} are now
given by the expressions

by
oM =0V +0F ——=cP and o =20l +2PoP + oM
Dt

(A.6)
Notice also that the form of oM

M affects v* = 0%1% + of — oM

M and v = 0%1° + o — oM.
Accounting for this, equations (A.1) and (A.3) have to be modified to

A'(ihr) — A1)

” = (1= x| + (6°)) + xe () (@t + 2 0)”) — af ([0 + (5°)%)

1—9

and

v b
+<0b1b _O_a1a>T< Oy 1K t B)

. ﬁ B\T b B _B Uf _
p+(1 ﬁ)p (07)" |z + 2y 0 =
t

1—9
19Tf households in sector b want to hold bonds as well, we have modify the procedure slightly to solve for
the households’ bond portfolios.
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mxe(v))" () +270y) + (L= n) () ([0 + (6)%) + i — Loy |,

where we used the following expression for the expected return on money

b 1
Eldr))/dt = (D(¢) — 6+ 1& + (o) o)) dt — ;’5 (E — i 4P+ (atB)TatM>
t t
(oF)To

The Algebra of Asset Allocation Equations. Here we simplify the equations further

into a convenient numerical form. First, letting

V(n) b B'(n) (bt B'(n) V'(n) )
X;=1- - 1 - v ) X3 = - - ’
U T B M ST B T dma - am)
we have
ol = M(U’Jlb — 01%)
¢ X1 — Ith ’
1—9Y)X
' =y(0®1" —0"1%), v’ = (y—1)(c*1® — 0°1%) where y = —g{l —Qi)tX;
Also, letting
W by B b, B
X,—1- (n)w_t (n)ntﬁthﬁ—t (n)ﬁt,

J(n) pe B(n) p: B(n)

we have

X
zl +aPol = xtyyz(ablb —o%1?).
1

Given these definitions, we can reduce the asset allocation equations to the following five

equations for z = (y, ¢, z, 2%, 2°/x%).
22\’
Xi- ) =y - ek, (5) (P00 +38) = (- 0% + 32,

(1 —n)xb + an o
DTy (- 9) % =0
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—A'(Y) kp+1-7 I b/ 2 2, ~2 _ 5 Xo 2 2
— 1oy - == X B
kAW)+1  1-49 X—=a)t (y°o™ +ay) + Xy X1U + 0, —yo

-~

Ab(p)—Aa(y)
q

52\ X1 (1 —9)Yy
d — mi b1 S it S G VL A.
an r = min (m ( +y202) X, ” ; (A.7)

where 02 = 2 + 7. Notice that we have added variable y and removed ¢, p and y; from the

set described above. Denote this system by F(z) = 0.

We can write this set of five equations as Fi(z) = 0 in the region where the equity issuance
constraint is binding, i.e. x; = X, and F(z) = 0 in the region where x; < x. If z solves
the equations approximately, then we can find a nearly exact solution using the Newton

method. That is, given z, compare values on the right-hand side of (A.7) to determine if

oF
0z

solution with error of O((z — z*)?), where z* is the true solution. This procedure of solving

the equity issuance constraint is binding. If it binds, then z — ( )_1 F(z) approximates the
the system F'(z) = 0 is useful when solving for 9J(n) through the shooting method or the
iterative method, because once we have a solution at (7n,t) we can use it to find the solution
at (n+€,t) or at (n,t — €). Typically, one step of the Newton method is sufficient because

we consider the problem at a nearby point in space or time.

The PDE for 9(n,t). Given the “allocation vector” z, the time derivative 9;(n,t) can

be found from equation (A.5), where

(1_1@1’0 2 2X22 2 N2/ 2 2, ~2 2
N\~ )7 n_ (1 _ 22 2 _ n
|| X —ax, M (L—mn) |27y 7 (@) (y"o” +5;) ) + (1 = Xo)|o"]7,
¥ (n
\aﬂrzﬁnw\ and
X, - X, X, X, 3
! = o 2 o) (1= 0oy o — lo”)) —na 0t ()P ) o

For the purposes of numeric stability in (A.5) left derivative of 9J(n) must be used if
w! < 0, and right derivative if u”7 > 0.

Numerical Implementation. We solve the PDE (A.5) backwards in time using the
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finite difference method, until convergence. For date T, we set 9 at n = 0 according to the
autarky solution of (1) and at n = 1 according to the asymptotic solution realized when the
intermediary sector overwhelms the economy. We then interpolate 9 linearly on a grid on
[0,1]. We choose an unevenly-spaced grid of N + 1 points, with n(n) = 3n?/N? — 2n3 /N3,
for n = 0,...N. The spacing in this grid is on the order of min(n,1 — ), i.e. spacing
becomes finer near 0 and 1 reflecting the decline in the equilibrium volatility of n towards
these endpoints.

Once we have the grid n(n) and the terminal condition ¥(n(n),t), we compute ¥;(n(n), t)
using (A.5) for each n. In order to do that, we need to compute z(n(n),t). For t = T, we
find z(n(n),T) using one step of the Newton method from the guess z(n(n — 1), 7). The
initial solution z(n(0),T) is the autarky solution of (1), with z = (1 — ¥, ¢, x, 2 2°/2%),
with z = 2°(1 +62/((1 —)?0?)). For t < T, we find z(n(n),t) using one step of the Newton
method from the guess z(n(n),t + ¢).

We solve the PDE using the Euler method, by setting J(n(n),t —¢) = 9(n(n),t) —
ety(n(n),t) for time step €, which has to be chosen to be sufficiently small for the equation
to be stable. We do this for n = 1... N — 1, keeping the endpoints n = 0, N fixed. As
mentioned earlier, the Euler method is not as precise as higher-order methods for solving
systems of ODEs, but it is transparent and easy to implement numerically. We chose the
Euler method because we are not looking for the precise time solution, but rather for the
stationary equilibrium - the fixed point at which all time derivatives are 0. For this goal, the
Euler method is as good as any other method.

We need to evaluate derivatives of (), t) with respect to n numerically to implement this

method. The left, right and centered derivatives of ¥/, and the second derivative, are given

by

b )0 =P 0,0 e Dt 1), 0) ~ 0(an), 0
T | R A TS Y R
Oy (n(n), t) + Jy (n(n), 1) _ 0y (n(n), 1) — 95 (n(n), 1)

We use centered derivative of ¥ to evaluate X, X, and X3, and appropriate directional
derivative in (A.5).
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B Proofs

Proof of Proposition 13. Consider the law of motion of net worth

20 (v ((x8v + oM) dt + dZ,) + 226% (2367 dt + dZ;)
(W) ((xbv) + o) dt + dZ,) + 2beb(abeb dt + dZ,),

d
il i dt+odz, = d'r,fw—pdt—i-{
Uz
depending on whether the household employs technology a or b.

According to (3.6), the household gets the same utility from any choice over these two
technologies if and only if u? — |o7|?/2 is the same for both technologies. For technology a,
this is

EdT’M . " Y " a Qj‘aVa—i—(TM 2+ 125 2
Bl (g + 0°9%) + gy - PR ol T
Eldr}"] ) () ('] + (6)%) — oy
dt 2 .
Equating this for technologies a and b, we obtain the indifference condition (2.13). O

Lemma 1. Suppose that n =0, i.e. there are no intermediaries. The equilibrium is charac-
terized by a single equation for the allocation i of capital to technology b
Av() = Ap)  p p a
WIZZW) _ 2B (1 (o) — 0", (B.)

q A

with the remaining quantities expressed as

a __ P b p
R e e R e e e e
B xoxb pq v
1_19_(1—¢)xb+1/1xa 1_19—A(1D)—L(q) and p=15¢ (B.3)
Household welfare in autarky is characterized by log(pn:)/p + UH(0), where
UH(O) _ CI)(/') —0 _ ¢2U?3 + (1 — WQU% . 1 (B4)

P2 2p° 2p

Proof. The aggregate risk of capital is o dZ; = (1 — ¢)0*1% dZ® + 1o®1° dZ}, incremental
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aggregate risks from exposures to technologies a and b are
vt = (1% — 1°0%) dZ;,, VP = (1 —)(1°0® — 1°0%) dZ,,
and the risk exposure of households in sectors a and b are
2 dZ, + 0% dZ, + 2°6° dZ, and 2V} dZ, + o dZ, + %50 dZ,,
respectively. Hence, household indifference condition is

X

(@) (@ ((0*)" + (")) +(6)) = (a")*((1 = ¥)*((0*)* + (")) +(5")*).  (B.5)

Vv VvV
i ? vp1?

The asset-pricing conditions for capital employed in sectors a and b are

A(Y) — ¢
q

% — (A + (67)2) + (1 = ) (0" = (1= )(0™)).

Adding up these two equations with coefficients 1 — 1 and v, and using the market-clearing

= a"(|pf* + (6°)%) + (1 = ¥)(0")* = ¥(0")*) and

condition for capital, we obtain

p_(l=v B
1_19—($a +xb)X = X=np

- 7

1/(1-9) by (2.16)

This, together with (B.5), implies (B.2).
Equations in (B.3) follow from (2.16), market clearing condition for output and the
definition of ).

Finally, the difference between the asset-pricing conditions is

EUZE) (P + 0°)) — A + (6) +1 = ) (o) = bl
p/x® p/xb

This yields (B.1).
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To characterize household welfare, notice that by (4.3),

P(t) -6  Yrop+ (1 —1)%07
e = A

since |52 = ¥?0% + (1 — 9)?0%. Furthermore, by (4.5), U (n,) = UR(n;) — X/(2p?), which
implies (B.4). O

Proof of Proposition 3. Notice that

B n |0-:;L/|2 ! ° n
Ng = Ny €XP My — N ds + oy dZ ),
t t

since Ito’s lemma implies that then process ng satisfies (3.5) as required.

Hence,

Eiog(pn.)| = togton) + | [ (s~ 15 av].

Integrating over [t,00) and discounting, we obtain

[e%e] 1 ] S n, 2
t P t t

which yields (3.6) after changing the order of integration. O

Proof of Proposition 5. Let us normalize Ky = 1. Consider an economy, in which households
are required to allocate fraction ¥ € [0, 1) of their wealth to money. Then, from the market-

clearing condition for consumption goods, if ®(¢) = log(kt + 1)/k, then

i B B (kA+1)(1 - 9) ~ log(q)
A-do)=plpta) = o= ad 2()=—""
q/(1-9)

Then (3.7) implies that, given policy,
p' = @) -0, |o"? = (1 —-9)%6*+3?

hence welfare (3.6) is

log(p(p +¢)  p" = 10"/2 _ log(p) +log(¢/(1 = ¥)) log(q)/k =6 = (1= 9)°5°/2 ~ /2
p p? p p?
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_log(p) d+5%/2 LRt 1 (log(mA +1) log(kp+1— 19)) N log(1—4) (1 —1)%5?
p p? Kp p p Kp? 2p?
Let us show that welfare in the equilibrium with money is greater than in that without

money. In the equilibrium with money 1 — 4 = /p/d, so we need to show that

kp+1 . 1 . 1 kp+1 &2
- log(rp +/p/0) + —log(\/p/6) = 5 = = log(kp+1) =5~ &
K Kp p
kp+1 x? kp+1 1
_hp log(kpr + 1) +logz + — > — P log(kp+1) + = (B.6)
Kp 2 Kp 2

where = ¢/,/p > 1. If we set © = 1, the two sides are equal. Differentiating the left-hand

side with respect to x we obtain

1—x 1—x 1—2+2?
(kpr + 1)x

Hence (B.6) holds for all z > 1, i.e. the equilibrium with money is strictly better.

Now, consider the optimal policy. Differentiating welfare with respect to 9 we get

kp+1 1 1 (1 —1)62

kp? kp+1—19 I€p2(1—19)+ p?

1 9 N (1—-v)o* 1 ( — N (¥ — 1)262>
p(kp+1—19)(1-9) PP p(1=9) \kp+1-0 p ’
where the term in parentheses is increasing in 1. For the equilibrium level of ¥ = 1 —,/p/5,

this term becomes

VP/o—1 +1_2\/5/6—1+,'ip
kp +\/p/C kp +\/p/C

positive if and only if 2,/p/6 > 1 — kp. Thus, the welfare-maximizing policy raises 9 over
the equilibrium level if and only if condition (3.9) holds. O

Proof of Proposition 6. By (3.6), the welfare of an agent who consumes pK;, where K, is
aggregate capital, is given by

&0 1 K, & ) -0 K2
£, { / e log(pkc,) ds| = 28PRY L [ / - ( (ts) =6 |o¥] ) ds].
t P ¢ p 2p
(B.7)

Since we are dealing with an agent who consumes log(p(ps+¢s) Ks) = log(pK) +1og(ps+qs),
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with net worth Ny = (p; + ¢;) Ky, the welfare of this agent can be found by adding

o U e " og(ps + q.) ds
t

to (B.7) and noting that log(pK:)/p = log(pn:)/p — log(p: + ¢:)/p. This implies that the
agent’s utility is log(pn:)/p + UR(n,), with UR(n,) is given by (4.3). O

Proof of Proposition 7. Since intermediary with net worth n! = n,(p; + ¢;) K; consumes
log(pns(ps + ¢s)Ks) = log(ns) + log(p(ps + qs) K),

receiving the same utility flow as a representative household plus log(ns), we find the welfare

of an intermediary from (4.3) to be

1 K N
og(p(pe :qt) t) YUR() + B { / e """ log(n,) ds | -
t

log(on])/p—log(m)

[\

Hence, we obtain the desired expression.
To compute the welfare of households, notice that by Proposition 3, if two agents have

wealth processes

dnt dn;

—L = yrdt+otdZ, and —t=p" dt+o" dZ,

ny ny

then the difference in their utility is

log(pn!) —1 | % / o
og(pny) = log(pns) | 1 { / o (u? o %) ds} (B.8)
P P t

We can now obtain household utility by adjusting the utility of a representative agent.
Recall that households are indifferent between technologies a and b, so we can focus on
households who use technology a without loss of generality. According to (2.19), world

wealth follows

dn -
nt:deW—Pdt—(Uf)T(UthtﬂLdZt)+77t$f|Vf|2dt+(1—nt)($?)2(|Vf|2+0§)dt,
t
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while the net worth of a household that uses technology a follows

dnt

= drM — pdt + 22((v")T (o] dt + dZt) + 2962 dt + 6, dZy) (B.9)

o ()T (o} dt+dZi)+5a dZt)+(w?)2(|V?|2+5'§) dt

nt

Hence,
TLH n a.,a
pp = g = (@) ([P + 62) — 22 1P) + (v + o7 ) o},
n|2 _ | -nH|2 . 2 M a,,al2 _ (ha)\252
o] o7 | |‘7t Ut| o' + wfvg| (xf)°a2 and so
2 2
N A e s o? | = (@f)*(Iv]* + o2)
e — My T 9 =n ((x ) (lV |2+0) x?l”fﬁ) : 9 :

Thus, using (4.3) and (B.8) to value the welfare of households, we obtain the desired

expression. ]

Proof of Proposition 9. Money has risk oM = o + 0¥ — b, /p; o8 . Effectively, risk b;/p; o2 is
subtracted from money and is allowed to be traded separately, carrying the risk premium of
b /pi (0B)TolN | since it is the intermediaries that hold bonds. The net worth of intermediaries

follows

dNt
Ny

by

=drM™ — pdt + (z,? + 2BcP)T (o dt + dZ,), where z? = —————.
t P (tt tt)(t t) t e + q0)

World wealth follows

K,
WMa PR _ v (o0 (oM a4 dz) +(aPol) (o) dt +dZ)  (B.10)

(g + pe) Ky P
bonds in the world portfolio
i wo(v) T (2o + v o) dt + (1 =) (af)* (v} + (6%)%) dt,
~——

risk premium adjustment

where we adjusted equation (2.19) for the presence of bonds in the world portfolio, as well

as for the effect of bonds on the risk premium demanded by intermediaries.
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Therefore, using Ito’s lemma,

d ~a
e I e AR GO
() +0f + (L—=n)aiop)" (dZ,+ (of —maiop) dt).
O

Proposition 14. The relationship between the policy (i, b;) and bond prices as well as the

risk transfer process (by/p;)oP is given by the equation

1
g~ i1+ @) o = (oP)Ta) (B.11)

EldrE —dr]M]/dt

Proof. Since the equilibrium excess return on bonds over money is given by (5.3), it remains
to be shown that the left-hand side of (B.11) is this excess return. Denote by p; the law
of motion of the real value of money given by dp;/p; = M dt — i; dt. Then the real capital
gains rate on bonds is given by d(B;p;)/(Bp;). Hence, using Ito’s lemma, the total return

on bonds is
1 d(Byp 1 dp
drf = —dt +<—tf?t> = —dt + puf dt + (oP) o} dt + ;pt
B, Bipy By b

——

dividend yield

+ (O‘tB)T dZt

It follows immediately that the excess return on bonds over money is given by (B.11). O

Proof of Proposition 11. Equation (5.9) follows directly from Ito’s lemma. Let us justify the
remaining six equations.

Relative to money, capital devoted to the production of good a earns the return of

A%(gy) — i
dr — dr} = % dt + (pf — p?) dt + (0"1* — 8\ dZ, + 5* dZ,.
¢
Likewise,
Ab(ihy) — .
dr? —drM = % dt + (uf — pb) dt + (6"1° — 8V dZ, + 5% dZ,.
¢
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Fraction y of the risk of good b is borne by intermediaries, who are exposed to aggregate
risk of, and fraction 1 — ¥, by households, who are exposed to aggregate risk o and

idiosyncratic risk x25°. Thus,
(071" = 0% )To " 4+ (1 - ) al(6")?, (B.12)

Ab(¢t> — U
A=ty
dt
where (0°1° — o%)To X is the risk premium for aggregate risk of this investment, and (1 —

Tok 4 xf(&a)Q.

X) 22(6°)? is the price of idiosyncratic risk. For good a,
(B.13)

Aa<¢t) — U ata
———pf — pf = (0°1° — o)
4
Now, to the six equations. Since any investment in capital includes a hedge for the aggregate

risk component, ¢ = 1/ = 0 including this hedge, so the indifference condition of households

b
- (B.14)

a’.(l
ab’

(2.13) becomes, one,
(2§)%(0°)° = (17)*(6")° &
Ty
and the law of motion of n; is, two,
dnt _ a\2( ~a\2
o —(1 = ne)(x)"(0")" dt, (B.15)
From (2.16), we have, three,
(I=xX) 1=t 1—m _ o’ pl—
= = (1- 1 — )= =2’ —. B.16
Subtracting (B.13) from (B.12), we get, four,
AP — A°
(1/%) (wt) _ (O’blb o Uala)TUK + (1 . >—<> ?(5_13)2 _ x?(&a>2 <B17)
qt
The market-clearing condition for consumption goods is, five,
P4t
A — = :
(¢e) — va) 1—1,

Finally, taking a weighted average of (B.12) and (B.13), with weights ¢ and 1 —1, and using
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(B.14) to eliminate z¢ on the right-hand side, we have

A=t = (1= 00+ 0= 95 ) aleh
4t

p/(1=0)
This, in combination with (B.16), and the identity p? = (1 — ;) (i} — uf) — 0%0® + (0?)?,
leads to the last equation, (5.10), six. O

Proof of Proposition 12. The derivation of intermediary welfare remains unchanged from the
proof of Proposition 7. For households, we use equation (B.8), but take into account that

the law of motion of world wealth becomes modified to

d
% =drM — pdt + (nxPol — o' (o} dt + dZ,)
¢

i ey + oo | dt + (1= ) (@) ([0 + (6°)) dt,

as in (B.10). The law of motion of household net worth (B.9) remains unchanged. Combining

these, we obtain

O.n2_0.nH2 3 IBUB_UﬁQ_xa2Va2+(~T2
M?H_M?+| s| 2| s | :7]t<<$?)2(|Vf|2+02>_|$tVf+l’?0'f|2)+|nt t 9t t| 2( t) <| t| a).
Hence, using (B.8), we obtain the desired expression for household welfare. O

C “As If ” Representative Agent Model

Salient features of the various equilibria discussed above can also be achieved through closely
related representative agent economies. Suppose the representative agent is endowed with
initial capital Ky = fol kidi and that he faces technology-specific, but no purely idiosyncratic
risk. Let us furthermore assume that this representative agent also has log preferences, but
now with discount factor p. For starters, suppose that he can only invest in technologies a
or b (no money is available). In that case his portfolio problem is simple: He will consume a

constant fraction p of his wealth, he will invest equal fractions of his capital at each instant
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in technologies a and b, and the price of capital will be time-invariant and satisfy

For p = p we exactly recover the no-money equilibrium above, with the sole difference
that welfare of the representative households exceeds welfare of the atomistic households
above (since the representative household need not bear any idiosyncratic risk). A formal
analysis of the welfare difference will follow in the next section. It is also instructive to
consider the case p = |/po. In that case, the equilibrium with the representative agent is, as
far as real quantities and the price of capital are concerned, ezactly the same as the money
equilibrium above. Since p > p, we see that the money equilibrium effectively amounts to

an decrease in patience.

Finally, it is interesting to consider the question of whether money can have value in a
representative agent economy. Evidently, the answer is no — an asset that never generates
any real payoff cannot be held in positive quantities forever without violating the investor’s
transversality condition. However, let us for the moment assume that the transversality
condition is allowed to be violated. In that case, as long as the representative household has
no purely idiosyncratic risk, there still could be no equilibrium with constant p,q¢ > 0, for
money would be a strictly dominated asset. We could of course deal with strict dominance by
re-introducing idiosyncratic risk, but then the aggregate law of motion for capital would be
different (since now idiosyncratic cannot cancel in the aggregate). Only if the representative
agent would perceive the threat of idiosyncratic risk at every period, but without this risk
every materializing, would we recover allocations and prices from the money equilibrium
above — and all of course subject to the proviso of ignoring the representative household’s

transversality condition.
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